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Abstrat
We use the tehniques of integration of Poisson manifolds into sympleti Lie
groupoids to build sympleti resolutions (=desingularizations) of the losure of a
sympleti leaf and haraterise the resolutions obtained by this proedure. More
generally, we show how Lie groupoids an be used to lift singularities, in partiular
when one imposes a ompatibility ondition with an additional struture given by a
multi-vetor eld.
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1 Introdution
1.1 Presentation
In the literature, the idea of replaing a Poisson variety X and its oddities by a sympleti
manifold Z that projets on X through a Poisson map appears in two a priori dierent
ontexts, depending on what is singular: the variety or the Poisson struture. In algebrai
geometry, see [1, 10, 12℄, given a variety W endowed with a Poisson struture of maximal
rank (= sympleti) at regular points, Beauville has introdued the notion of sympleti
resolution, whih onsists of a resolution Σ
φ
→ W in the sense of Hironaka's Big Theorem
with Σ sympleti and φ a Poisson map. In dierential geometry, see [2, 7, 8℄, a Poisson
manifold M is being replaed by a manifold Γ, alled sympleti groupoid, whih has a
(maybe loal) Lie groupoid struture over M , together with some ompatible sympleti
struture, the Poisson map being then simply either the soure map or the target map.
This artile disusses the possibility to go from sympleti groupoids to sympleti resolu-
tions, and onversely. To make a long story short, our aim is to show how the sympleti
groupoid of a Poisson manifold an be used to desingularize the losure of a sympleti
leaf. A seondary aim is to use Poisson groupoids (more generally Lie groupoids endowed
with multipliative k-vetor elds) to nd Poisson resolutions (more generally resolutions
ompatible with a k-vetor eld) of the losure of an algebroid leaf.
We point out the most ruial dierenes that exist between the theories of sympleti
resolutions and sympleti groupoids, and explain briey how we avoid or unify them.
1. First of all, sympleti resolutions belong to the world of algebrai geometry while
the theory of sympleti groupoids has been developed on real smooth manifolds
mainly (but most of its results extend to the holomorphi setting, see [17℄). To avoid
this diulty, one possibility ould be to rewrite the theory of sympleti groupoids
in the language of algebrai geometry. We make the opposite hoie, and deide work
inside the world of dierential geometry.
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2. More preisely, we mimi, within dierential geometry, the denition of sympleti
resolutions introdued by Beauville. The objet that we are going to try to desin-
gularize is the losure S of a loally losed sympleti leaf S of a Poisson manifold
(M,π). This losure S behaves preisely as in the algebrai ase sine
(a) regular points (= points in S) form a dense open subset of S, (as the regular
part of an algebrai variety does) and
(b) sine S is a sympleti leaf, the restrition to S of the Poisson struture is
sympleti at regular points (= points in S).
3. Sympleti resolutions and sympleti groupoids behave dierently with respet to
dimensions. On the one hand, a sympleti resolution of a Poisson variety of di-
mension k has the same dimension k. On the other hand, the sympleti groupoid
proedure doubles the dimension, id. est, it starts from a Poisson manifold (M,π) of
dimension n and builds a sympleti Lie groupoid of dimension 2n. In partiular, the
sympleti groupoid itself an by no way be itself the sympleti resolution. But the
main idea of this paper is that the sympleti groupoid Γ⇒M an give a sympleti
resolution of the losure S of a sympleti leaf S by going through the following steps:
(a) we hoose arefully some submanifold L of M , inluded into S, and whose
intersetion with S is Lagrangian in S, and
(b) we apply a proedure alled sympleti redution to the submanifold ΓL =
s−1(L) (where s : Γ→M is the soure map) whih is oisotropi in the symple-
ti manifold Γ. This sympleti redution redues the dimension, and involves
in this ase a strong Lie groupoid mahinery, and
() we obtain (under some onditions) a sympleti manifold that gives a sympleti
resolution of S. The Poisson map onto S is indued by the target map of the
groupoid Γ⇒M .
Let us point out two advantages of this method. First, it unies two theories of desingu-
larization. More preisely, S may be singular in two ways: it an be a singular variety
(whatever it means in the smooth/holomorphi ontext), in this ase, what is desingular-
ized is a singularity of the variety. But S an very well be a smooth manifold of dimension
2l, but the Poisson struture is singular (= of rank < 2l) at singular points (= points in
S\S). In this ase, what is desingularized is a singularity of the Poisson struture.
Seond, it generalises to other types of desingularizations ompatible with some additional
geometrial struture given by a multi-vetor eld: Poisson resolutions in partiular, but
also ontat resolutions and twisted sympleti resolutions (to be studied in an other work),
to mention just the main ones. In order to reah that level of generality, we shall work, as
muh as we an, in the very general ase of a Lie groupoid endowed with a multipliative
k-vetor eld.
The organisation of the paper is as follows. In Setion 2, we ask the following question:
Given a Lie groupoid, how an one desingularize the losure S of an algebroid leaf S ?
and our (partial) answer is: With the help of an algebroid rossing (see Denition 2.7),
under some integrability assumptions.
In Setion 3, we reall from [15℄ the following fat: a multipliative k-vetor eld on a
groupoid indues a k-vetor eld πM on the algebroid leaves. Then we raise the question:
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Given an algebroid and a multipliative k-vetor eld on the orresponding groupoid (with
k ≥ 2), how an one desingularize S in a way that is ompatible with this k-vetor eld
? and we suggest the following answer: With the help of a algebroid rossing oisotropi
with respet to πM , under some integrability ondition.
In Setion 4, we raise the question: How an we onstrut a sympleti resolution of the
losure S of a sympleti leaf S of a Poisson manifold ? and we propose the following
answer:  Our previous results, applied to the speial ase of a Lagrangian rossing (see
Denition 4.4) give automatially a sympleti resolution.
In Setion 5, we give a haraterisation of sympleti resolutions of the previous forms in
terms of ompatibility with respet to a Lagrangian rossing.
We then present in Setion 6 examples of suh resolutions. Setion 6.1 presents a trivial
example that illustrates in a very lear way our results: we lift, in the world of real geometry,
the singularity at the origin of the real Poisson braket on R
2
given by
{x, y} = x2 + y2.
In Setion 6.2, the elebrated Springer resolution is redisovered as a partiular ase of the
previous onstrutions. Note that the seond of these examples lifts a singularity of the
variety, while the rst one lifts a singularity of the Poisson struture. We then present
an example of Poisson resolution, namely the Grothendiek resolution endowed with its
Evens-Lu Poisson struture. We nish with a disussion of a famous sympleti resolution:
the minimal resolution of C
2/G with G = Z
lZ
.
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1.3 Notations and basi fats about Lie groupoids
For self-ontainess of this paper, we reall several fats about Poisson manifolds, Lie alge-
broids, and Lie groupoids. We reall in partiular how to adapt to the holomorphi setting
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the theories of sympleti groupoids and holomorphi Poisson strutures, an adaptation
systematially studied in [17℄.
Complex and real manifolds. We try to state and prove results whih are valid in
both omplex and real dierential geometries. By a manifold, we mean a omplex manifold
or a real (smooth) manifold. Then words like funtions, vetor elds, vetor bundles,
setions should be understood as being holomorphi or smooth, depending on the ontext.
Moreover, in omplex geometry, we have to work with loal funtions, loal setions or
loal vetor elds rather than their global ounterparts. Given a manifold M and a vetor
bundle A→M , we denote simply by F(M) and Γ(A→M) the sheaf of loal funtions and
loal setions respetively. Setions over an open subset V are denoted by Γ(A|V → V ).
When we write identities of the form f = g for loal funtions f and g, it should be
understood that the identity takes plae on the intersetion of their domain of denition.
When we say that a loal funtion f vanishes on a submanifold N , we mean of ourse that
f vanishes on the intersetion of N with the domain of denition of f . Similarly, terms of
the form X[f1 · · · , fk], where X is a a loal k-vetor eld, and f1, · · · , fk are loal funtions
are to be onsidered only where it is dened. All these slight abuses of terminology shall
be systematially omitted in the text.
All our manifolds are supposed to be Hausdor. Sine this last point an be ambiguous
while speaking about Lie groupoid, we sometime say Hausdor Lie groupoid to emphasise
on this assumption.
Fibered produt, denition and onvention. Given a tripleM1,M2, N of manifolds
and maps φ1 : M1 → N and φ2 : M2 → N , we denote by M1 ×φ1,N,φ2 M2 the bered
produt:
M1 ×φ1,N,φ2 M2 := {(m1,m2) ∈M1 ×M2|φ1(m1) = φ2(m2)}.
This bered produt is itself a manifold as soon as one of the maps φ1, φ2 is a submersion.
Multi-vetor elds, denition and onvention. A k-vetor eld π is a setion of
∧kTM →M (the wedge produt being over R or C depending on the ontext). Throughout
this paper, we will almost never have to onsider two dierent k-vetor elds dened on
the same spae. It is therefore very onvenient for us to always denote by πM the k-vetor
eld over M that we onsider. Reall that a k-vetor eld πM denes a skew-symmetri
k-derivation of the algebra F(U) of funtions on an open subset U ⊂ M with the help of
the skew-symmetri k-derivation
F1, · · · , Fk → (x→ (πM )|x [dxF1, · · · ,dxFk])
We denote by {·, · · · , ·}M the previous skew-symmetri k-derivation. We denote by [[·, ·]]TM
the Shouten braket of multivetor elds.
Holomorphi/real Lie algebroids, denition. With some are, we dene smooth
and holomorphi algebroids.
Denition 1.1. A real Lie algebroid A over a smooth manifold M is a smooth vetor
bundle A→M together with a smooth olletion, for eah x ∈M , of linear maps ρ : Ax →
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TxM alled the anhor, and an R-linear skew-symmetri braket [·, ·] : ΓA× ΓA→ ΓA on
the spae of loal smooth setions whih satises the Jaobi identity, and suh that
(1) [X, fY ] = f [X,Y ] + ρ(X)(f)Y
(2) ρ([X,Y ]) = [ρ(X), ρ(Y )]
We denote by (A→M,ρ, [·, ·]) a Lie algebroid.
A holomorphi Lie algebroid is a smooth Lie algebroid (A → M,ρ, [·, ·]) over a omplex
manifold M , where A→M is a omplex vetor bundle, suh that the anhor map is holo-
morphi, and the braket [·, ·] restrits to a C-linear Lie algebra struture on holomorphi
setions over any open subset U ⊂M .
We warn the reader that holomorphi Lie algebroid should not be onfused with Complex
Lie algebroid (CLA) in the sense of [24℄.
The foliation of a Lie algebroid. The distribution
∐
x∈M ρ(Ax) is integrable, though
its rank is not onstant. Moreover, the leaves, alled algebroid leaves, are smooth im-
mersed submanifolds, whih are immersed omplex submanifolds if the Lie algebroid is a
holomorphi Lie algebroid, see [17℄.
k-dierential. Reall from [25℄ that Γ(∧•A→M) is a (sheaf of) Gerstenhaber algebra
when equipped with the wedge produt and the unique natural natural extension [[·, ·]]A of
the braket of setions of A→M (extension whih is again alled Shouten braket). A k-
dierential (see Setion 2 in [15℄) is a linear operator δ : Γ(∧•A)→ Γ(∧•+k−1A) satisfying{
δ(P ∧Q) = (δP ) ∧Q+ (−1)p(k+1)P ∧ δQ,
δ ([[P,Q]]A) = [[δP,Q]]A + (−1)
(p+1)(k+1)[[P, δQ]]A.
(1)
Holomorphi/real Lie groupoids, denition. There is no issue in dening Lie
groupoids in both the real on the omplex ase, see [17℄. We ould say that a holo-
morphi/real Lie groupoid is a small ategory where objets, arrows and operations are
holomorphi/smooth. We prefer to give a long but down-to-the-earth denition.
Denition 1.2. A holomorphi/real Lie groupoid Γ ⇒ M onsists of two omplex/real
manifolds Γ and M , together with two holomorphi/smooth surjetive submersions s, t :
Γ → M , alled the soure and the target maps, and a holomorphi/smooth inlusion
ε : M → Γ, whih admits a group law, that it to say, suh that there exists (i) a holo-
morphi/smooth inverse map Γ → Γ denoted γ → γ−1 permuting the soure and target
maps and (ii) a holomorphi/smooth map Γ×t,M,s Γ→ Γ denoted (γ1, γ2)→ γ1 · γ2 satis-
fying
s(γ1 · γ2) = s(γ1) ∀(γ1, γ2) ∈ Γ×t,M,s Γ
t(γ1 · γ2) = t(γ2) ∀(γ1, γ2) ∈ Γ×t,M,s Γ
(γ1 · γ2) · γ3 = γ1 · (γ2 · γ3) ∀(γ1, γ2, γ3) ∈ Γ×t,M,s Γ×t,M,s Γ
ε(s(γ)) · γ = γ ∀γ ∈ Γ
γ · ε(t(γ)) = γ ∀γ ∈ Γ
γ · γ−1 = ε(s(γ)) ∀γ ∈ Γ
γ−1 · γ = ε(t(γ)) ∀γ ∈ Γ
(γ1 · γ2)
−1 = γ−12 · γ
−1
1 ∀(γ1, γ2 ∈ Γ) ∈ Γ×t,M,s Γ
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Of ourse, the previous list of requirements is redundant, and several of the previous axioms
ould be erased.
To any holomorphi/real Lie groupoid, there is an holomorphi/real algebroid assoiated
with, (see [19℄ Setion 3.5 for the real ase, the omplex ase is similar). This Lie algebroid
is dened by the vetor bundle A :=
∐
x∈M Ax where Ax = ker(dxs) ⊂ Tε(x)Γ. The
onverse is not true: a Lie algebroid may not be the Lie algebroid of a Lie groupoid, see
[3℄. When suh a Lie groupoid exists, we say that the Lie groupoid is question integrates
the algebroid. Reall from [17℄ that, when a holomorphi Lie algebroid, when onsidered
as a real Lie algebroid by forgetting the omplex struture, integrates to a smooth soure-
simply-onneted Lie groupoid Γ ⇒ M , then Γ ⇒ M inherits an unique natural omplex
struture that turns it into a holomorphi Lie groupoid.
We use the following notations. For any L,L′ ⊂ M , one introdues ΓL := s
−1(L), ΓL
′
:=
t−1(L′) and ΓL
′
L = ΓL ∩ Γ
L′
. Given a point x ∈ M , we use the shorthands Γx,Γ
x
for Γ{x}
and Γ{x} respetively.
Left- and right-invariant vetor elds. When the Lie algebroid integrates to a Lie
groupoid, setions of A→M are in one-to-one orrespondene with right-invariant (resp.
left-invariant) vetor elds on Γ⇒M . Given a setion X ∈ Γ(A), we denote by
−→
X (resp.
←−
X ) the right-invariant (resp. left) vetor elds orresponding to it.
We extend this onvention to setions of ∧•A. Namely, following [15℄, we dene, for all
k ≥ 1 and all (maybe loal) setions e1, . . . , ek ∈ Γ(A → M), a right-invariant k-vetor
eld on Γ ⇒ M , by
−−−−−−−−→
e1 ∧ · · · ∧ ek =
−→e1 ∧ · · · ∧
−→ek (resp.
←−−−−−−−−
e1 ∧ · · · ∧ ek =
←−e1 ∧ · · · ∧
←−ek )
and extend this orrespondene by multilinearity. For k = 0, setions of ∧0A are simply
funtions: we dene then
−→
f = s∗f (resp.
←−
X = t∗f ).
The map from Γ(∧•A → M) → X •(Γ) given by X →
−→
X is a morphism of Gerstenhaber
algebras, where X •(Γ) stands for the Gerstenhaber algebra of multivetor elds. When
dealing with left-invariant vetor elds, the same result holds up to a sign, namely the
map dened by X → (−1)k
←−
X for all X ∈ Γ(∧kA → M) is a morphism of Gerstenhaber
algebras.
Modules of a Lie groupoid. A left ation of a Lie groupoid Γ⇒M on a pair (X,φ),
with X a manifold and φ : X →M , is a holomorphi/smooth map from Γ×t,M,φX (whih
is a manifold beause the target map is a submersion) to X, alled the ation map and
denoted by (γ, x)→ γ · x, whih satises the following axioms (see [19℄ Setion 1.6):
γ · x ∈ φ−1(s(x)) ∀(γ, x) ∈ Γ×x,M,φ X
ε(φ(x)) · x = x ∀x ∈ X
γ1 · (γ2 · x) = (γ1 · γ2) · x ∀(γ1, γ2, x) ∈ Γ×t,M,s Γ×t,M,φ X
Right ation are dened in the same way. We say then that (X,φ) is a (left or right)
Γ-module. Given a left (resp. right) ation of Γ ⇒ M on X → M , we all quotient
spae and denote by Γ\X (resp. X/Γ) the spae of orbits of the ation, id est, the spae
X/ ∼ where ∼ is the equivalene relation that identies x and γ · x (resp. x · γ) for any
(γ, x) ∈ Γ×t,M,φ X (resp. X ×φ,M,s Γ).
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A groupoid Γ⇒M ats on (M, Id) by
γ ·m = t(γ) if s(γ) = m.
The following result onatenates several results in [19℄.
Lemma 1.3. Let Γ ⇒ M be a soure-onneted Lie groupoid integrating A → M . Any
two points in M are is the same Lie algebroid leaf if and only if they are in the same orbit
S of the ation of Γ ⇒ M on M (i.e. if and only if they are soure and target of some
γ ∈ Γ). Moreover, the map γ → (s(γ), t(γ)) restrits to a submersion from ΓS = Γ
S
S = Γ
S
to S × S.
We say that a subset X ⊂M is Γ-onneted if and only if, for any two x, y ∈ X there exists
a nite sequene x = x0, x1, · · · , xl = y suh that, for all i ∈ {0, · · · , n1}, either xi, xi+1
are the same onneted omponent of X, or xi and xi+1 are the soure and target of some
γ ∈ Γ.
Holomorphi Poisson manifold and integration. We reall that for any Poisson
manifold (M,πM ), the otangent bundle T
∗M → M is endowed with a natural Lie alge-
broid struture (T ∗M,π#M , [·, ·]piM ).
A real/holomorphi Poisson manifold (M,πM ) is a omplex manifold M endowed with
a smooth/holomorphi bivetor eld πM suh that [[πM , πM ]]TM = 0. Reall from [17℄
that the real part Re(πM ) and the imaginary part Im(πM ) of πM are ompatible smooth
Poisson strutures.
We refer to [2℄ for an overview of the theory of integration of Poisson manifolds to sym-
pleti groupoid in the real ase, and we give a brief overview. A sympleti Lie groupoid
is a pair (Γ ⇒ M,ωΓ) where Γ ⇒ M is a Lie groupoid and ωΓ a sympleti struture
on Γ whih is ompatible with respet to the multipliation. A sympleti Lie groupoid
(Γ⇒M,ωΓ) is said to integrate (M,πM ) if s∗πΓ = πM . Any soure-simply-onneted Lie
groupoid Γ⇒M integrating the algebroid (T ∗M,π#M , [·, ·]
piM , ) admits a unique sympleti
struture integrating (M,πM ).
Assume that there exists a soure-simply-onneted sympleti Lie groupoid Γ⇒M inte-
grating the algebroid (T ∗M, (Re(πM ))
#, [·, ·]Re(piM )). Aording to [17℄, the Lie groupoid
Γ ⇒ M is indeed a holomorphi sympleti Lie groupoid with respet to holomorphi
sympleti form ω whose real part is 14ωR.
2 Resolution of the losure of an algebroid leaf.
2.1 Denition of a resolution in real and omplex geometries
In the ontext of algebrai geometry, a resolution of a variety W is pair (Z, φ) where Z is
a smooth (= without singularities) variety and φ : Z → W is a proper regular birational
map onto W . In partiular, the restrition of φ to φ−1(Wreg) → Wreg is biregular (where
Wreg stands for the regular part of W ).
One diulty arises when we try to reformulate this denition in the ontext of omplex
or real geometry: what kind of singular varieties should we onsider ? We avoid this
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diulty by restriting ourself to the following situation. All the singular smooth/omplex
varieties that we are going to study are of the form S¯ where S is a (not losed in general)
loally losed (= embedded) submanifold of a manifold M , and where the losure is with
respet to the usual topology of M .
In this ontext, by a resolution, we mean the following:
Denition 2.1. Let S¯ be a the losure of an loally losed (= embedded) submanifold S of
a omplex/real manifold M . A resolution of S¯ is a pair (Z, φ) where Z is a omplex/real
manifold and φ : Z →M is a holomorphi/smooth map suh that
1. φ(Z) = S¯,
2. φ−1(S) is dense in Z,
3. the restrited map φ : φ−1(S)→ S is an biholomorphism/dieomorphism.
When φ : φ−1(S)→ S is only an étale map (i.e. a surjetive loal biholomorphism/dieomorphism),
then we speak of an étale resolution of S¯. When φ : φ−1(S) → S is only a overing (i.e.
φ−1(S) is a onneted set and φ : φ−1(S)→ S is an étale map), then we speak of a overing
resolution of S¯.
For étale or overing resolutions, by saying that the typial ber is isomorphi to some
disrete set Z, we mean that φ−1(x) ≃ Z for all x ∈ S.
Remark 2.2. Let M be a nonsingular variety over C and W ⊂ N an irreduible subvariety.
Then the regular part Wreg ofW is a loally losed omplex submanifold ofM and Wreg =
W (where the losure is with respet to the usual topology ofM). A resolution (in the sense
of algebrai geometry) of W is also a holomorphi resolution (in the sense of Denition
2.1) of Wreg.
Remark 2.3. Sine S is dense in S, Condition 1 in Denition 2.1 implies Condition 2 in
the omplex ase.
Remark 2.4. It deserves to be noted that S¯ may be itself a manifold with no singularity:
take, for instane, M = C and S = C∗. As a onsequene, in the ase where S¯ happens to
be an ane subvariety of C
n
, then S, whih is always inluded in (S¯)reg, may be stritly
inluded into (S¯)reg. So that, in the partiular ase where S¯ is itself an ane variety, a
holomorphi resolution (Z, φ) of S¯ is the sense of Denition 2.1 may not be a resolution in
the sense of algebrai geometry, even when (Z, φ) is in the ategory of algebrai varieties.
A morphism between two étale resolutions (Zi, φi), i = 1, 2 is a holomorphi/smooth map
Ψ : Z1 → Z2 suh that φ2 ◦Ψ = φ1, i.e. suh that the following diagram ommutes
Z1
Ψ
//
φ1
  A
AA
AA
AA
A Z2
φ2

S¯
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2.2 Lie groupoids and resolutions of the losure of an algebroid leaf.
We explain in this setion how to build a resolution of the losure S¯ of a loally losed (=
embedded) submanifold S of a manifold M whih happens to be an algebroid leaf of an
integrable algebroid.
Lemma 2.5. Let S be a loally losed leaf of a Lie algebroid (A→M,ρ, [·, ·]). Then S¯ is
a disjoint union of algebroid leaves.
Proof. Though one ould derive this result diretly from general onsiderations about in-
tegrable distributions, we give an easy proof that uses loal integration. Let Γ ⇒ M be
a soure-onneted loal Lie groupoid integrating the algebroid (A → M,ρ, [·, ·]). Choose
a point m ∈ S¯ and an element γ ∈ Γm. In any neighbourhood W of γ ∈ Γ, there exists,
sine the soure map is a submersion, at least one element γ′ ∈W whih is mapped by the
soure map to an element in S. The target t(γ′) of suh an element belongs to S. Sine W
an be hosen arbitrary small, t(γ) belongs to S¯. By Lemma 1.3, S¯ needs to be an union
of algebroid leaves.
Remark 2.6. In view of Lemma 2.5, we may suggest that the notion of stratied spae
would be more relevant here and S¯ should be alled a strate, however, it seems to be
ustomary to speak about algebroids leaves (and in partiular of sympleti foliation
in the ase of Poisson manifold) so we adhere to this traditional voabulary.
The onstrution of étale resolutions of S¯ requires the following objet.
Denition 2.7. Let (A→M,ρ, [·, ·]) be a Lie algebroid and S a loally losed (= embedded)
algebroid leaf. We say that a submanifold L of M is an algebroid rossing of S¯ if and only
if the following onditions are satised
1. L is a submanifold of M ,
2. L ⊂ S¯,
3. L intersets all the algebroid leaves ontained in S¯,
4. L ∩ S is dense in L,
5. the vetor bundle B → L ∩ S dened over L ∩ S by
Bx = ρ
−1(TxL) ∀x ∈ L ∩ S
extends to a (holomorphi/smooth) vetor bundle over L, denoted again by B → L
and alled normalisation of the algebroid rossing L.
Remark 2.8. Note that for a manifold L that satises Conditions (1)-(4), the normalisation,
if any, is unique. note also that Condition 52) is a onsequene of Condition (4).
Example 2.9. The reader may ask how it an be that S is singular while L is smooth,
espeially taking under aount that Denition 2.7(3) fores L to go through the singu-
larities of S. These onditions are, however, perfetly ompatible. Assume, for instane,
that M is a vetor spae, and that S is a one, minus the origin. Then S = S ∩ {0} is
the one itself. Any straight line L ontained in that one is a smooth submanifold of M
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and admits a non-empty intersetion with both S and {0}. Here is an example for whih
this situation ours. The Lie group SOn(C) ats on C
n
, and one an form the ation
groupoid SOn(C) × C
n
⇒ C
n
. The following set is an algebroid leaf of the Lie algebroid
of the previous groupoid:
S =
{
(z1, · · · , zn) ∈ C
n − {0} | z21 + · · ·+ z
2
n = 0
}
.
Any straight line L through S is an algebroid rossing with normalisation Lie(H)×L→ L,
where H is the stabiliser of L in SOn(C).
By density of L ∩ S in L, the inlusion ρ(Bx) ⊂ TxL holds for any x ∈ L. In partiular:
Lemma 2.10. The normalisation B → L of an algebroid rossing L of S, admits a unique
algebroid struture suh that the inlusion map into A → M, is an algebroid morphism.
(In other words, the normalisation B → L of an algebroid rossing L is a subalgebroid of
(A→M,ρ, [·, ·]) ).
The following Proposition is the main result of this setion. It makes it possible to onstrut
an étale resolution of S out of an algebroid rossing, and helps us to deide whether this
étale resolution turns to be a overing resolution or a resolution.
Proposition 2.11. Let (A→M,ρ, [·, ·]) be a Lie algebroid, S a loally losed orbit of this
algebroid, and L an algebroid rossing of S¯ with normalisation B → L. If
1. there exists a soure-onneted Hausdor Lie groupoid Γ ⇒ M integrating the Lie
algebroid (A→M,ρ, [·, ·]) and
2. there exists a sub-Lie groupoid R⇒ L of Γ⇒M , losed as a subset of ΓLL, integrating
the subalgebroid B → L,
then
1. (Z(R), φ) is an étale resolution of S¯, where
(a) Z(R) = R\ΓL and,
(b) φ : Z(R) → M is the unique holomorphi/smooth map suh that the following
diagram ommutes
ΓL
p
//
t
""E
EE
EE
EE
EE
Z(R)
φ

M
(2)
where p : ΓL → Z(R) = R\ΓL is the natural projetion.
2. When L ∩ S is a R-onneted set, this étale resolution is a overing resolution with
typial ber
pi0(Ix(Γ))
pi0(Ix(R))
, where x ∈ S is an arbitrary point, and Ix(Γ) (resp. Ix(R))
stands for the isotropy group of Γ⇒M (resp. of R⇒ L) at the point x.
3. This étale resolution is a resolution if and only if R ontains ΓL∩SL∩S . In this ase, we
have R = ΓL∩SL∩S ∩ Γ
L
L.
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4. When L ∩ S is a onneted set and R ⇒ L is a soure-onneted sub-Lie groupoid
of Γ ⇒ M , then the typial ber is pi1(S)
j(pi1(L∩S))
, where j is the map indued at the
fundamental group level by the inlusion of L ∩ S into S.
Example 2.12. For the algebroid rossing given in Example 2.9, the sub-Lie groupoid
R = H×L⇒ L satises the onditions of Proposition 2.11(3). Let us desribe the obtained
resolution. The manifold Z(R) is equal to the quotient of SOn(C)×L, with respet to the
left H-ation of H given by h · (O, l) = (hO, h(l)) for all h ∈ h,O ∈ SOn(C), l ∈ L. The
map φ : Z(R) → S is given by φ([g, l]) = g−1(l), where [g, l] stands for the lass in Z(R)
of an element (g, l) ∈ SOn(C)× L.
Remark 2.13. If L itself is a losed subset of M , then R is losed as a subset of ΓLL if and
only if it is a losed subset of Γ.
Proof. 1) Sine L is a submanifold of M , and the soure map s : Γ → M is a surjetive
submersion, ΓL = s
−1(L) is a submanifold of Γ. The Lie groupoid R ⇒ L ats on ΓL by
left multipliation. This ation is free and the ation map , i.e. the map,
µ : R×t,L,s ΓL → ΓL × ΓL
µ(r, γ) = (r · γ, γ)
is proper. We need to prove this last laim preisely. Let K be a ompat subset of
ΓL × ΓL, and (rn, γn)n∈N a sequene in R ×t,M,s ΓL with µ(rn, γn) = (rn · γn, γn) ∈ K.
By ompatness of K, one an extrat a subsequene (rσ(n) ·γσ(n), γσ(n)) that onverges to
(g1, g2) ∈ K. Then g1 and g
−1
2 are omposable and (rσ(n))n∈N onverges to r = g1 · g
−1
2 .
Sine R is losed as a subset of ΓLL, r is an element in R. By onstrution (r, g2) is an
element in µ−1(K) whih is therefore a ompat subset of R ×t,M,s ΓL. This justies the
laim.
The ation of the Lie groupoid R⇒ L on ΓL being a free and proper ation, the quotient
spae Z(R) := R\ΓL is a Hausdor manifold and the projetion p : ΓL → Z(R) is a
surjetive submersion.
Sine t(r ·γ) = t(γ) for any (r, γ) ∈ R×t,L,sΓL, there exists an unique map φ : Z(R)→M
suh that the diagram (2) ommutes. Moreover, the identity φ(Z(R)) = t(ΓL) holds
by onstrution of φ. But, by denition of an algebroid rossing, L has a non-empty
intersetion with all the sympleti leaves ontained in S¯, so that, by Lemma 1.3, any
element of S¯ is the target of at least one element in ΓL, and we obtain the identity
φ(Z(L)) = t(ΓL) = S¯.
The identity t(ΓL∩S) = S holds by Lemma 1.3. By onstrution of φ, the identity
p(ΓL∩S) = φ
−1(S) holds as well and φ : p(ΓL∩S) → S is a surjetive submersion beause
t : ΓL∩S → S itself a surjetive submersion by Lemma 1.3 again. Now, the dimension of
Z(R) is given by
dim(Z(R)) = dim(ΓL)− rk(B) = dim(L) + rk(A)− rk(B)
But sine ρ(Bx) = TxL for all x ∈ L ∩ S while ρ(Ax) = TxS, the ranks of the algebroids
A and B are given by rk(A) = dim(S) + dim(ker(ρ)) and rk(B) = dim(L) + dim(ker(ρ))
Hene rk(A)− rk(B) = dim(S)− dim(L) and we obtain
dim(Z(R)) = dim(L)− dim(L) + dim(S) = dim(S).
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The dimensions of the manifolds Z(R) and S being equal and φ being a surjetive sub-
mersion from the open subset φ−1(S) ⊂ Z(R) onto S, the map φ : φ−1(S)→ S is an étale
map.
It remains to prove that φ−1(S) is open and dense in Z(R). But L ∩ S is open in L by
Lemma 2.5 and dense in L by assumption. Hene ΓL∩S is open and dense in ΓL. Sine
p is a surjetive submersion (and in partiular an open map), φ−1(S) = p(ΓL∩S) is open
and dense in Z(R). This ahieves the proof of 1).
2) By Lemma 1.3, the Lie groupoid Γ ⇒ M ats transitively on S, hene for any x ∈ S
the target map indues a biholomorphism/dieomorphism
Ix(Γ)\Γx ≃ S,
where Ix(Γ) stands for the isotropy group at x ∈ S of the Lie groupoid Γ⇒M .
For any x ∈ L ∩ S, the anhor map of the algebroid B → L, is onto so that onneted
omponents of L ∩ S are algebroid leaves for the algebroid B → L, and, by Lemma 1.3
again, the ation of R⇒ L on L∩S ats transitively on eah onneted omponent. Sine
L ∩ S is R-onneted, for any two onneted omponents, there exists r ∈ R having its
soure in the rst one and its target in the seond one. Hene the ation of R ⇒ L on
L ∩ S is transitive, we obtain a biholomorphism/dieomorphism
φ−1(S) ≃ R\ΓL∩S ≃ Ix
(
R
)
\Γx
where Ix
(
R
)
stands for the isotropy group at the point x ∈ L ∩ S of the Lie groupoid
R⇒ L. Sine Γx is a onneted set, so is φ
−1(S) = p(Γx), and the étale resolution (Z, φ)
is a overing resolution. Moreover, the typial ber of φ : φ−1(S) → S an be identied
with the quotient
Ix
(
Γ
)
Ix
(
R
) .
We study this quotient in detail. For any x ∈ L ∩ S, the kernel of the anhor maps of the
algebroids B → L and A → M oinide, therefore the isotropy Lie algebras of both Lie
groupoids at an arbitrary point x ∈ L ∩ S oinide; therefore their isotropy Lie groups at
x ∈ L ∩ S have the same onneted omponent of the identity. Denoting, for an arbitrary
Lie group H, by π0(H) the disrete group of onneted omponents of H, there is an
isomorphism
Ix
(
Γ
)
Ix
(
R
) ≃ π0(Ix(Γ))
π0(Ix
(
R
)
)
.
This ahieves the proof of 2)
3) The restrition to φ−1(S) ⊂ Z(R) of φ is an biholomorphism/dieomorphism if and
only if for any two γ1, γ2 in ΓL∩S with t(γ1) = t(γ2), γ1γ
−1
2 is an element of R. In other
words, the restrition to φ−1(S) ⊂ Z(R) of φ is a biholomorphism/dieomorphism if and
only if ΓL∩SL∩S ⊂ R. Sine R is a losed subset of Γ
L
L by assumption, this last requirement is
equivalent to the requirement ΓL∩SL∩S ∩ Γ
L
L ⊂ R.
But, L ∩ S being by assumption open and dense in L, R ∩ ΓL∩SL∩S is dense in R. In other
words, R ⊂ ΓL∩SL∩S . Sine the inlusion R ⊂ Γ
L
L holds also, the inlusion R ⊂ Γ
L∩S
L∩S ∩ Γ
L
L
holds.
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In onlusion the inlusion ΓL∩SL∩S ∩Γ
L
L ⊂ R holds if and only if the equality Γ
L∩S
L∩S ∩Γ
L
L = R
holds. This ahieves the proof of 3).
4) Fix x ∈ L ∩ S. We have a ommutative diagram of ber bundles:
Ix(R) //

Rx
t
//

L ∩ S

Ix(Γ) // Γx
t
// S
where vertial maps are inlusion maps. The usual long exat sequene in homotopy gives
the following ommutative diagram, where horizontal lines are exat sequenes:
· · · // π1(Rx) //

π1(L ∩ S) //
j

π0(Ix(R)) //

π0(Rx)

// · · ·
· · · // π1(Γx) // π1(S) // π0(Ix(Γ)) // π0(Γx) // · · ·
By assumption, Γx and Rx are onneted while Γx is simply-onneted. Hene, in the
entral square of the previous diagram, that is to say, in the diagram
π1(L ∩ S) //
j

π0(Ix(R))

π1(S) // π0(Ix(Γ))
the upper line is a surjetive group morphism, the lower line is a group isomorphism, while
the right vertial line is an injetive group morphism (sine it is indued by the inlusion).
The proof of 4) now follows by an easy diagram hasing.
At rst glane, it seems that resolutions obtained from the previous onstrution depends
strongly on the hoie of an algebroid rossing. We study this dependene using the notion
of Morita equivalene of Lie groupoids. This notion of Morita equivalene goes bak to
[13℄, but we invite the reader to onsult [18℄ for an introdution to the notion of Morita
equivalene of modules of Lie groupoids that mathes the presentation below.
Proposition 2.14. Let (A → M,ρ, [·, ·]) be a Lie algebroid, S a loally losed orbit of
this algebroid, and Li, i = 1, 2 two algebroid rossings of S¯ with normalisations Bi → Li.
Assume that:
1. there exists a soure-onneted Hausdor Lie groupoid Γ ⇒ M integrating the Lie
algebroid (A→M,ρ, [·, ·]) and
2. there exists, for i = 1, 2, sub-Lie groupoids Ri ⇒ Li of Γ⇒M , losed as a subset of
ΓLiLi , integrating the Lie algebroid (Bi → Li, ρ, [·, ·]), and ontaining Γ
Li∩S
Li∩S
.
Let (Zi, φi), i = 1, 2 be the two orresponding resolutions as in Proposition 2.11(3).
The following are then equivalent:
(i) the resolutions (Z1, φ1) and (Z2, φ2) are isomorphi,
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(ii) ΓL2∩SL1∩S ∩ Γ
L2
L1
is a submanifold of Γ, and the restritions to this submanifold of the
soure and the target maps are surjetive submersions onto L1 and L2 respetively,
(iii) there exists a submanifold I of Γ that gives a Morita equivalene between the Lie
groupoids R1 ⇒ L1 and R2 ⇒ L2:
ΓL1
!!C
CC
CC
CC
C
R1

I
s
 



t

??
??
??
??
R2

ΓL2
}}{{
{{
{{
{{
L1 L2
In this ase moreover, the R1-module ΓL1 orresponds to the R2-module ΓL2 with
respet to the Morita equivalene I.
We need some preliminary results. Let (Z(R) = R\ΓL, φ) be an étale resolution as in
Proposition 2.11(1). There is a natural map j from L to Z(R) obtained by omposing the
restrition to L of the unit map ε : L→ ΓL with the anonial projetion p : ΓL → Z(R).
By Equation (2), φ is a left inverse of j, i.e. φ ◦ j = idL, so that j(L) is a submanifold of
Z(R). In short:
Lemma 2.15. Let (Z(R) = R\ΓL, φ) be an étale resolution as in Proposition 2.11 and
j : L → Z(R) as above. Then j(L) is a submanifold of Z(R) and the restrition of φ to
j(L) is a biholomorphism/dieomorphism onto L.
We now prove Proposition 2.14.
Proof. We say simply dieomorphism rather than biholomorphism/dieomorphism.
(i) =⇒ (ii). Denote by pi, i = 1, 2 and ji, i = 1, 2 the projetions from ΓLi → Zi and the
inlusions of Li in Zi respetively.
Let Ψ : Z1 → Z2 be a dieomorphism of resolutions from (Z1, φ1) to (Z2, φ2). Then
Ψ ◦ p1 : ΓL1 → Z2 is a surjetive submersion. The inverse image I1 of the submanifold
j2(L2) of Z2 by Ψ ◦ p1 is a submanifold of ΓL1 , whih is losed as a subset of Γ
L2
L1
, and, by
Lemma 2.15, t = φ2 ◦Ψ◦p1 : I1 → L2 is a surjetive submersion. In partiular, I1 ontains
ΓL2∩SL1∩S as a dense subset. Hene I1 = Γ
L2∩S
L1∩S
∩ ΓL2L1 and the latter is a submanifold of Γ.
Similarly, sine Ψ−1 : Z2 → Z1 is a dieomorphism, Ψ
−1 ◦ p2 : ΓL2 → Z1 is a surjetive
submersion. The inverse image I2 of the submanifold j1(L1) of Z1 by Ψ
−1 ◦ p2 is equal to
ΓL1∩SL2∩S ∩ Γ
L1
L2
and t : I2 → L1 is surjetive submersion.
In partiular, we obtain I2 = I
−1
1 and, sine the inverse map intertwines soures and
targets, s : I1 → L1 is also a surjetive submersion. This ompletes the proof of (i) =⇒
(ii).
(ii) =⇒ (iii). Let I = ΓL2∩SL1∩S ∩ Γ
L2
L1
. For any m ∈ L1 ∩ S, the Lie groupoid R2 ⇒ L2 ats
transitively on the ber of s : I → L1 over m, sine this ber is preisely equal to Γ
L2∩S
m
while R2 ontains Γ
L2∩S
L2∩S
. Let us show that this fat remains true for all m ∈ L1. Let
c, c′ ∈ I be two points in I with s(c) = m = s(c′). There exist sequenes (cn)n∈N, (c
′
n)n∈N
of elements of I, onverging to c and c′ respetively, and whih satisfy s(cn) = s(c
′
n) for
all n ∈ N. The sequene (c′n)
−1cn is a sequene of R2 that onverges to (c
′)−1c. Sine
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R2 is losed in Γ
L2
L2
, we have (c′)−1c ∈ R2, and R2 ⇒ L2 ats transitively on the bers of
s : I → L1. This ation is also, of ourse, free.
Similarly, the bers of t : I → L1 are preisely the bers of the R1-ation. The left and
right ations of R1 ⇒ L1 and R2 ⇒ L2 is free and proper, with I1 ≃ I/R2 and R1\I ≃ l2.
Hene I is a Morita bimodule that gives a Morita equivalene between the Lie groupoids
R1 ⇒ L1 and R2 ⇒ L2.
We now prove that, in this ase moreover, the R1-module ΓL1 orresponds to the R2-module
ΓL2 with respet to the Morita equivalene I. W e reall some general fats about Morita
equivalenes (see [18℄ or [26℄). A Morita bimodule between two Lie groupoids indues a
one-to-one orrespondene between their left modules that we now desribe. Let (X2, χ2)
be a left R2-module. Then the diagonal ation of R2 ⇒ L2 on I ×s,L2,χ2 X is free and
proper, so that the quotient spae
X1 :=
I ×s,L2,χ2 X2
R2
=
{(c, x) ∈ I ×X2 | t(c) = χ2(x)}
(c, x) ∼ (cr−1, rx)
is a manifold again. The map t : I → L2 fatorizes to yield a surjetive submersion
χ1 : X1 → L1. The left ation of the Lie groupoid R1 ⇒ L1 on I indues a left ation of
R1 ⇒ L1 on (X1, χ1) whih gives the desired struture of left R1-module.
In the partiular ase where (X2, χ2) = (ΓL2 , s) and the Morita equivalene is with respet
to I, we easily hek that X1 is isomorphi to Z1 = R1\ΓL1 , the isomorphism in question
being simply given by
[c, x2]→ p1(cx2)
where (c, x2) is an element of I ×s,L2,s ΓL2 , [c, x2] its lass in
I×s,L2,χ2X2
R2
and p1 : ΓL1 →
Z1 = R1\ΓL1 the anonial projetion. This proves 3).
(iii) =⇒ (i). Under the orrespondene between left R1- and R2-modules just desribed
above, when X2 = R2\ΓL2 is a manifold, then so is X1 = R1\ΓL1 and both manifolds
are anonially isomorphi (see [26℄). The isomorphism Ψ in question is given by [x2] →
[(i, x2)], where x2 ∈ X2 is an arbitrary element, [x2] its lass in the quotient spae R2\X2,
i ∈ I is any element with t(i) = φ2(x2), and [i, x2] is the lass of (i, x2) in the quotient spae
R1\X1. In the partiular aseX2 = ΓL2 and χ2 = s, Ψmaps R2\ΓL2 to R1\ΓL1 . Moreover,
Ψ satises by onstrution the relation φ1 ◦ Ψ = φ2 and is therefore an isomorphism of
resolutions.
3 Resolution ompatible with a multi-vetor eld.
3.1 Denition of a resolution ompatible with a multi-vetor eld
By an abuse of language (justied by its use in algebrai geometry), a k-vetor eld πM
on the manifold M is said to be tangent to S¯ if it is tangent to S, i.e. if πM [f, f2, · · · , fk]
vanishes on S for any loal funtion f that vanishes on S (equivalently on S), and any
loal funtions f2, · · · , fk ∈ F(M).
Let us now explain what we mean by a resolution ompatible with a k-vetor eld πM
tangent to S¯.
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Denition 3.1. Let S¯ be the losure of a omplex/real loally losed (= embedded) sub-
manifold S of M and πM a k-vetor eld tangent to S¯, a resolution ompatible with the
k-vetor eld πM is a pair (Z, φ) where
1. (Z, φ) is a resolution of S¯,
2. the k-vetor eld πZ dened on φ
−1(S) by φ∗πZ = πM extends to a holomorphi/smooth
k-vetor eld on Z.
When (Z, φ) is only an étale/overing resolution, then we speak of an étale/overing reso-
lution ompatible with the k-vetor eld πM . If moreover, πM is a Poisson bivetor eld,
we speak of a Poisson resolution.
We denote by πZ again the extension to Z of πZ . For onveniene, we often denote a
ompatible resolution by a triple (Z, φ, πZ). But we invite the reader to keep in mind that,
for a ompatible étale resolution, πZ is indeed determined by (Z, φ).
Remark 3.2. For any resolution ompatible with πM , the relation φ∗πZ = πM holds indeed
on Z by density of φ−1(S) in Z. In partiular, when πM is a Poisson bivetor eld, so is
πZ .
For larity, we list all the onditions required in order to have an étale resolution (Z, πZ , φ)
of the losure S¯ of a loally losed submanifold of M whih is ompatible with a k-vetor
eld πM tangent to S¯.
1. Z is a manifold and πZ a k-vetor eld,
2. φ : Z →M is a holomorphi/smooth map from the manifold Z to the manifold M ,
3. φ(Z) = S¯,
4. φ−1(S) is open and dense in Z (note that density is automatially satised in the
omplex ase),
5. the restrition of φ to a map from φ−1(S) to S is a biholomorphism/dieomorphism,
6. φ : Z →M maps πZ to πM .
For étale/overing sympleti resolutions, the fourth point needs to be replaed by the
restrition of φ to φ−1(S) is an étale/overing map over S.
The following Lemma will be useful in the next setion. Notations are as before.
Lemma 3.3. Let (Zi, φZi), with i = 1, 2, be étale resolutions of S¯, and Ψ : Z1 → Z2 a
loal dieomorphism whih is a morphism of resolutions of S¯
Z1
Ψ
//
φZ1   A
AA
AA
AA
A Z2
φZ2

S¯
Then, if (Z1, φZ1) is an étale resolution ompatible with πM , then (Z2, φZ2) is also an étale
resolution ompatible with πM .
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Proof. We denote by πZ1 the unique k-vetor eld on Z1 satisfying (φZ1)∗πZ1 = πM . For
any two points x, y ∈ Z1 withΨ(x) = Ψ(y), there exists a loal biholomorphism/dieomorphism
Φ of Z1 over the identity of Z2, (id est Ψ ◦ Φ = Ψ) dened on some open subset U ⊂ Z1
with Φ(x) = y. The relation Ψ∗(πZ1)|x = (πZ1)|y holds for any x ∈ U ∩ φ
−1
1 (S) sine
(φZ1)∗(πZ1)|x = (πM )|φZ1(x)
= (φZ1)∗(πZ1)|y
and sine (φZ1)∗ : TmZ1 : TφZ1(m)S is invertible for all x ∈ U ∩ φ
−1
1 (S). The open subset
U ∩ φ−1Z1 (S) being dense in U , the relation Φ∗(πZ1)|x = (πZ1)|y holds for any x ∈ U . This
amounts to the fat that πZ1 goes to the quotient and denes a k-vetor eld πZ2 on Z2.
By onstrution, Ψ∗πZ1 = πZ2 . It is immediate that
(φZ2)∗ πZ2 = (φZ2)∗ ◦Ψ∗ πZ1 = (φZ1)∗ πZ1 = πM .
The k-vetor eld πZ2 is dened everywhere on Z2 and projets on πM through (φ2)∗, so
that the étale resolution (Z2, φ2) is ompatible with πM .
3.2 Lie groupoids, multipliative multivetor elds and ompatible res-
olutions of the losure of an algebroid leaf
Reall (see Denition 2.6 in [15℄) that a k-vetor eld on a Lie groupoid Γ⇒M is said to
be multipliative when the graph of the multipliation of the groupoid, that is to say the
submanifold of Γ3 given by
Gr(Γ) = {(γ1, γ2, γ1γ2) ∈ Γ
3|t(γ1) = s(γ2)},
is oisotropi with respet to πΓ ⊕ πΓ ⊕ (−1)
k+1πΓ.
Multipliative vetor elds on Lie groupoids have a very rih geometry. We invite the
reader to read Setion 2 in [15℄ to get an overview of that diult matter, and reall two
points of fundamental importane for the present purpose.
We reall (see Remark 2.4 in [15℄) that a submanifold N of M is oisotropi with respet
to a k-vetor eld πM ∈ X
k(M) if and only if, for any loal funtions f1, . . . , fk ∈ F(M)
that vanish on N , the funtion πM [f1, . . . , fk] vanishes on N .
The purpose of the present setion is to
(i) reall from [15℄ how this multipliative k-vetor eld πΓ indues a k-vetor eld πM
on M , and explain why, for k ≥ 2, this k-vetor eld is tangent to S¯,
(ii) show that any resolution (Z(R) = R\ΓL, φ) of an algebroid leaf S onstruted with
the help of an algebroid rossing L as in Proposition 2.11 is ompatible with πM
under the ondition that L is oisotropi with respet to πM .
(i) From multipliative k-vetor eld to k-vetor eld on S.
We prove in this setion that a multipliative k-vetor eld on Γ⇒M indues a k-vetor
eld on M whih is tangent to all algebroid leaves for k ≥ 2, see Proposition 3.4 below.
We haraterise, in term of k-dierentials on the Lie algebroid, algebroid rossing whih
are oisotropi with respet to this indued k-vetor eld, see Proposition 3.5 below.
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To start with, aording to Proposition 2.21 in [15℄, there exists a unique k-vetor eld πM
on M suh that
s∗πΓ = πM and t∗πΓ = (−1)
k+1πM . (3)
We now prove the following Proposition.
Proposition 3.4. For any multipliative k-vetor eld πΓ on Γ ⇒ M with k ≥ 2, the
k-vetor eld πM = s∗πΓ is tangent to all the algebroid leaves.
Proof. Aording to Propositions 2.17,2.18 and Corollary 2.20 in [15℄, there exists a k-
dierential δ : Γ(∧•A→M)→ Γ(∧•+k−1A→M) suh that,{
[[πΓ,
−→a ]]TΓ =
−−→
δ(a)
[[πΓ,
←−a ]]TΓ =
←−−
δ(a)
(4)
where
−→a (resp. ←−a ) is the right-invariant (resp. left-invariant) multi-vetor eld on Γ
orresponding to a ∈ Γ(∧lA→M), with the understanding that
−→
f = s∗f (resp.
←−
f = t∗f )
when f is a funtion on M (see Setion 1.3 and espeially Equation (1) for the denition
of a k-dierential).
Note that [15℄ deals with real Lie groupoids only, but these results extend to the omplex
setting without any diulty, with the understanding, however, that Γ(∧•A→M) stands
for the sheaf of loal setions.
For any loal funtions g1, · · · , gk−1, f on M , with f vanishing on S, we have, in view of
Equation (3)
s∗(πM [g1, · · · , gk−1, f ]) = πΓ[s
∗g1, . . . , s
∗gk−1, s
∗f ] = [[πΓ, s
∗g1]]TΓ[s
∗g2, · · · , s
∗gk−1, s
∗f ].
Equation (4) yields
s∗(πM [g1, · · · , gk−1, f ]) =
−−−→
δ(g1)[s
∗g2, · · · , s
∗gk−1, s
∗f ].
But, in turn, we have
−−−→
δ(g1)[s
∗g2, · · · , s
∗gk−1, s
∗f ] = s∗ ( ρ(δ(g1))[g2, · · · , gk−1, f ] ) .
Sine f vanishes on S, and sine ρ(δ(f1)) is tangent to all the algebroid leaves, ρ(δ(g1))[g2, · · · , gk−1, f ]
vanishes on S as well. In onlusion, the funtion
πM [g1, · · · , gk−1, f ]
vanishes on S for any loal funtions g1, · · · , gk−1 provided that f vanishes on S. Hene
πM is tangent to S.
Assume now that we are given an algebroid rossing L of S with normalisation B → L,
where S is a loally losed (= embedded) algebroid leaf. We now explore the piture for
L oisotropi with respet to πM .
We say that a k-dierential δ : Γ(∧•A|U → U) → Γ(∧
•+k−1A|U → U) is ompatible with
an algebroid rossing L with normalization B → L if and only if δ(〈B〉U ) ⊂ 〈B〉U for all
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open subset U ⊂M , where 〈B〉U is the ideal in (Γ(∧
•A|U → U),∧) generated by funtions
vanishing on L and setions of A whose restrition to L is a setion of B → L.
In other words, a loal setion X of Γ(∧pA|U → U) belongs to 〈B〉U if, and only if, for
all m ∈ L ∩ U , X|m is a linear ombination of terms of the form b ∧ a1 ∧ · · · ∧ ap−1, with
b ∈ Bm, a1, · · · , ap−1 ∈ Am.
The need of the following Proposition will appear in the sequel.
Proposition 3.5. Let k ≥ 2 be an integer and Γ ⇒ M a Lie groupoid endowed with a
multipliative k-vetor eld πΓ. Denote by πM the k-vetor eld on M indued by πΓ by
Equation (3), and, by δ the k-dierential δ indued by Equation (4).
Let S be a loally losed algebroid leaf. An algebroid rossing L of S, with normalisation
B → L, is ompatible with the k-dierential δ if and only if L is oisotropi with respet
to πM .
The following Lemma is an immediate onsequene of the density of L ∩ S in L and from
the dening relation Bm = ρ
−1(TmL) for all m ∈ L ∩ S.
Lemma 3.6. Let U ⊂M be an open subset.
1. For any homogeneous element X ∈ 〈B〉U of degree ≥ 1, L ∩ U is oisotropi with
respet to ρ(X).
2. Conversely, any setion X ∈ Γ(∧iA|U → U) with i ≥ 1 suh that L∩U is oisotropi
with respet to ρ(X) is a setion of 〈B〉U .
Now, we an turn our attention to the proof of Proposition 3.5.
Proof. Let U ⊂M be a trivial open subset of M . Assume that B → L is ompatible with
the k-dierential δ. To start with, we reall from Lemma 2.32 in [15℄ that the following
identity holds
πM [f1, . . . , fk] = (−1)
k+1ρ(δ(f1))[f2, . . . , fk] (5)
for any loal funtions f1, · · · , fk ∈ F(U). Now, let f1, . . . , fk be funtions that vanish on
L ∩ U . The k-dierential δ being ompatible with the algebroid rossing B → L, we have
δ(f1) ∈ 〈B〉U . By Lemma 3.6-(1), L∩U is oisotropi with respet to ρ(δ(f1)), so that the
funtion πM [f1, . . . , fk] = (−1)
k+1ρ(δ(f1))[f2, . . . , fk] vanishes on L ∩ U . In onlusion, L
is oisotropi with respet to πM .
Conversely, assume that L is oisotropi with respet to πM . Let f ∈ F(U) be a loal
funtion that vanishes on L ∩ U . It is immediate that L is also oisotropi with respet
to [[πM , f ]]TM . By Eq. (5), the identity [[πM , f ]]TM = (−1)
k+1ρ
(
δ(f)
)
holds, so that,
aording to Lemma 3.6 (2), we have δ(f) ∈ 〈B〉U .
At this point, to show that δ(〈B〉U ) ⊂ 〈B〉U , it sues to show that δ(b) ∈ 〈B〉U for
any setion b ∈ 〈B〉U . Aording to Lemma 3.6 (2), it sues indeed to prove that
ρ(δ(b))[f1, · · · , fk] vanishes on L ∩ U if f1, · · · , fk ∈ F(U) vanish on L ∩ U . Let us prove
this point
ρ (δ(b)) [f1, · · · , fk] = [[ρ(δ(b)), f1]]TM [f2, · · · , fk]
= ρ ([[δ(b), f1]]A) [f2, · · · , fk]
= ρ (δ([[b, f1]]A)) [f2, · · · , fk]
−ρ ([[b, δ(f1)]]A) [f2, · · · , fk] by Eq. (1)
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Now, [[b, f1]]A = ρ(b)[f1] is a funtion that vanishes on L∩U . Hene δ([[b, f1]]A) is a setion
in 〈B〉U , so that L is oisotropi with respet to ρ (δ([[b, f1]]A)) by Lemma 3.6, and the
funtion
ρ (δ([[b, f1]]A)) [f2, · · · , fk]
vanishes on L ∩ U . Also, we have ρ ([[b, δ(f1)]]A) = [[ρ(b), ρ(δ(f1))]]TM ; whih implies,
sine the Shouten braket of oisotropi multi-vetor elds is again oisotropi, that L is
oisotropi with respet to ρ ([[b, δ(f1)]]A), and the funtion
ρ ([[b, δ(f1)]]A) [f2, · · · , fk]
vanishes on L ∩ U . These two last equations imply that the funtion ρ (δ(b)) [f1, · · · , fk]
vanishes on L ∩ U . This ompletes the proof.
(ii) From a multipliative k-vetor eld on Γ⇒M to a k-vetor eld on Z(R).
We prove in this setion that, given a multipliative k-vetor eld πΓ on the Lie groupoid
Γ⇒M , the étale resolutions onstruted in Proposition 2.11 are automatially ompatible
with πM = s∗πΓ, provided that the hosen algebroid rossing, with respet to whih
they are onstruted, is oisotropi with respet to πM . Roughly speaking, the idea is to
onstrut expliitly the k-vetor eld on the resolution (Z(R), φ) out of πΓ by the kind of
redution proedure desribed in Lemma 3.8 below.
The following Theorem summarises what this setion adds to Proposition 2.11.
Theorem 3.7. Let (A → M,ρ, [·, ·]) be a Lie algebroid, S a loally losed algebroid leaf
and L an algebroid rossing of S with normalisation B → L. If
1. there exists a soure-onneted Hausdor Lie groupoid Γ ⇒ M integrating (A →
M,ρ, [·, ·]), and
2. there exists a multipliative k-vetor eld πΓ, with k ≥ 2, on Γ ⇒ M suh that L is
oisotropi with respet to s∗πΓ = πM , and
3. there exists a sub-Lie groupoid R⇒ L of Γ⇒ N , losed as a subset of ΓLL, integrating
the algebroid (B →M,ρ, [·, ·]),
then
1. πM is well-dened and tangent to S.
2. (Z(R), φ, πZ(R)) is an étale resolution of S¯ ompatible with πM , where
(a) Z(R) = R\ΓL and,
(b) φ : Z(R) → M is the unique holomorphi/smooth map suh that the following
diagram ommutes
ΓL
p
//
t
""E
EE
EE
EE
EE
Z(R)
φ

M
(6)
where p : ΓL → Z(R) = R\ΓL is the natural projetion, and
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() πZ(R) is the unique k-vetor eld onM suh that for all loal funtions f˜1, · · · , f˜k ∈
F(Γ) and f1, · · · , fk ∈ F(Z(R)) the relations
p∗f1 = ı
∗f˜1
.
.
.
p∗fk = ı
∗f˜k
imply
p∗πZ(R)[f1, · · · , fk] = ı
∗πΓ[f˜1, · · · , f˜n] (7)
(wherever these identities make sense). Here ı stands for the inlusion map
ΓL →֒ Γ.
(d) When (Γ ⇒ M,πΓ) is a Poisson Lie groupoid, id est k = 2 and πΓ is a multi-
pliative Poisson bivetor eld on Γ⇒M , then πZ(R) is a Poisson bivetor eld
and the resolution (Z(R), φ, πZ(R)) is a Poisson resolution.
3. When L ∩ S is a R-onneted set, this étale resolution is a overing resolution with
typial ber
pi0(Ix(Γ))
pi0(Ix(R))
, where x ∈ S is an arbitrary point, and Ix(Γ) (resp. Ix(R))
stands for the isotropy group of Γ⇒M (resp. of R⇒ L) at the point x.
4. This étale resolution is a resolution if and only if R = ΓL∩SL∩S ∩ Γ
L
L.
5. When L ∩ S is a onneted set and R⇒ L is a soure-onneted sub-Lie groupoid of
Γ⇒M , then the typial ber is isomorphi to pi1(S)
j(pi1(L∩S))
, where j is the map indued
at the fundamental group level by the inlusion of L ∩ S into S.
We postpone until the end of this setion the proof of Lemma 3.8 below, whih gives us
the general frame to operate redution of multi-vetor elds. For a submanifold N of a
manifold Q and a point x ∈ N , TxN
⊥ ⊂ T ∗xQ stands for {α ∈ T
∗
xQ |TxN ⊂ ker(α)}.
Lemma 3.8. Let Q be a manifold, ı : N →֒ Q a submanifold of Q and Φ : N → P a
surjetive submersion with onneted bers. Let πQ be a k-vetor eld on M . If
1. (πQ)|x
[
∧k−1(ker(dxΦ))
⊥ ∧ TxN
⊥
]
= 0 and,
2. for any n ∈ N and u ∈ TnN , there exists a vetor eld X on Q tangent to N , whose
value at n is u, and suh that (LXπQ)|x [∧
k(ker(dxΦ))
⊥] = 0.
then there exists a unique k-vetor eld πP on P suh that, for any loal funtions f˜1, · · · , f˜k
in F(Q) on N and f1, · · · , fk in F(P ), the relations
Φ∗f1 = ı
∗f˜1
.
.
.
Φ∗fk = ı
∗f˜k
imply
Φ∗πP (f1, · · · , fk) = (−1)
k+1ı∗πQ[f˜1, · · · , f˜n] (8)
(wherever these identities make sense).
We now prove Theorem 3.7.
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Proof. Theorem 3.7(1) is nothing but the statement of Proposition 3.4. Points (3)-(5) are
a onsequene of Theorem 3.7(2) and Proposition 2.11(2)-(4). It remains us, therefore,
the task of proving Theorem 3.7(2). Now, when the assumptions of Theorem 3.7(2) are
satised for a sub-Lie groupoid R⇒ L of Γ⇒M integrating B → L, all the assumptions
of Proposition 2.11(1) are satised as well. Therefore, it only remains us the task of proving
that the multivetor eld πZ(R) that appears in Eq. (7) an indeed be onstruted.
To start with, we onsider R0 ⇒ L the onneted omponent of the identities of the
groupoid R⇒ L. Again, R0 ⇒ L is a sub-Lie groupoid of Γ⇒M that integrates B → L
and whih is losed in ΓLL.
Let us hek that the assumptions of Lemma 3.8 are satised with Q := Γ, N := ΓL, P :=
Z(R0), πQ := πΓ and Φ := p the natural projetion ΓL → Z(R0) = R0\ΓL. First, sine
R0 ⇒ L is soure-onneted, p is a surjetive submersion with onneted bers. The two
points below show that the assumptions 1 and 2 in Lemma 3.8 are satised.
1. The identity
(πΓ)|γ
[
∧k−1(ker(dγp))
⊥ ∧ (TγΓL)
⊥
]
= 0 (9)
holds for any γ ∈ ΓL. Sine s
∗ : TmL
⊥ → TγΓ
⊥
L is one-to-one, for any α ∈ (TγΓL)
⊥
,
there exists a loal funtion f onM , dened in a neighbourhood of s(γ) and vanishing
on L, suh that dγs
∗f = s∗ds(γ)f = α. Now, Eq. (4) gives
[[πΓ, s
∗f ]]TΓ = [[πΓ,
−→
f ]]TΓ =
−−→
δ(f).
By assumption, L is oisotropi with respet to πM , and it follows from Proposition
3.5 that δ(f) is a setion of 〈B〉U . In partiular,
−−→
δ(f)γ lies in the ideal of ∧
•TγΓ (with
respet to the wedge produt) generated by the spae of elements of the form
−→
b |γ
with b ∈ Bs(γ). But this spae is, by denition, the foliation given by the left ation
of R0 ⇒ L on ΓL, and oinides therefore with the kernel of dγp. This amounts to
the fat that
−−→
δ(f)|γ (β) = 0 for any β ∈ ∧
k−1(ker(dγp))
⊥
. Hene (πΓ)|γ (α ∧ β) = 0.
This proves Eq. (9) and Condition 1 in Lemma 3.8 is satised.
2. For any γ ∈ TγΓL and any u ∈ TγΓL, there exists a setion of b ∈ 〈B〉U , dened on
a neighbourhood U of s(γ) suh that u =
−→
b |γ . Now, Eq. (4) gives
L−→
b
πΓ = [[πΓ,
−→
b ]]TΓ = (−1)
k
−−→
δ(b)
Sine δ(b) is a setion of 〈B〉U aording to Proposition 3.5, we have again
−−→
δ(b)|γ(β) =
0 for any β ∈ ∧k(ker(dγp))
⊥
and Condition 2 in Lemma 3.8 is satised.
By Lemma 3.8 therefore, the quotient spae Z(R0) = R0\ΓL inherits a k-vetor eld
πZ(R0) that satises Eq. (7). Our next goal is to show that the triple (Z(R0), φ0, πZ(R0))
is a resolution ompatible with πM . In short, we have to show that
(φ0)∗πZ(R0) = πM . (10)
Reall, from 3, that (−1)k−1t∗πΓ = πM , so that (−1)
k−1πΓ[t
∗f1, · · · , t
∗fk] = t
∗πM [f1, · · · , fk].
Now, Let f1 · · · fk ∈ F(M) be loal funtions. For i = 1, . . . , k, the restrition to ΓL of the
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funtion t∗fi is equal to the pull-bak through p of the funtion φ
∗
0fi. In equation:
p∗(φ∗0f1) = ı
∗(t∗f1)
.
.
.
p∗(φ∗0fk) = ı
∗(t∗fk)
Hene Lemma 3.8 (more preisely Eq. (8)) yields
(−1)k−1p∗πZ(R0)[φ
∗
0f1, · · · , φ
∗
0fk] = πΓ
[
t∗f1, · · · , t
∗fk
]
|ΓL
(11)
Aording to Eq. (3), the relation πΓ
[
t∗f1, · · · , t
∗fk
]
|ΓL = (−1)
k−1t∗(πM [f1, · · · , fk])
holds. Together with Eq. (11), this implies in turn:
(−1)k−1p∗πZ(R0)[φ
∗
0f1, · · · , φ
∗
0fk] = (−1)
k−1t∗πM [f1, · · · , fk]
= (−1)k−1p∗(φ∗0πM [f1, · · · , fk]).
Sine p is a surjetive submersion, this amounts to
πZ(R0)[φ
∗
0f1, · · · , φ
∗
0fk] = p
∗ ◦ φ∗0πM [f1, · · · , fk],
and this ompletes the proof of the relation (10). In onlusion (Z(R0), φ0) is a étale
resolution ompatible with πM .
Now, the natural inlusion R0 ⊂ R, where R ⇒ L is a sub-Lie groupoid of Γ ⇒ M
integrating the normalisation B → L of the algebroid rossing L indues a morphism of
étale resolution
Z(R0) = R0\ΓL → R\ΓL = Z(R),
whih, moreover, is a loal dieomorphism. Aording to Lemma 3.3, the k-vetor eld
πZ(R0) goes to the quotient and denes a k-vetor eld πZ(R) on Z(R) whih satises itself
φ∗πZ(R) = πM . This ompletes the proof.
Remark 3.9. It is natural to ask what happens for k = 1. For a multipliative vetor eld
X on Γ ⇒ M , the vetor eld s∗X is well dened but does not need to be tangent to
S. But if we assume that it is tangent to S, then to require an algebroid rossing to be
oisotropi with respet to s∗X means that s∗X must be also tangent to L. Under these
onditions, one an dene by the same method a vetor eld on Z(R) that projets onto
s∗X.
For k = 0, the situation is as follows. A multipliative funtion on Γ ⇒ M is simply
a funtion that satises f(γ1γ2) = f(γ1) + f(γ2) for all ompatible γ1, γ2 ∈ Γ. Suh a
funtion does not indue any partiular objet on M . However, when f vanishes on R, it
goes to the quotient to yield a funtion on Z(R).
We nish this setion with a proof of Lemma 3.8.
Proof. Choose arbitrary loal funtions f1, · · · , fk dened on an open subset U ⊂ P . In a
neighbourhood V ⊂ Q of any m ∈ φ−1(m), there exists funtions f˜1, · · · , f˜k suh that:
φ∗f1 = ı
∗f˜1
.
.
.
φ∗fk = ı
∗f˜k
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We want to dene a k-vetor eld πP on P by
(πP )|p [f1, · · · , fk] = (πQ)|x [f˜1, · · · , f˜k],
where x ∈ N is any point with p(x) = p. We have to hek that this denition makes sense:
for this purpose it sues to hek that (i) the restrition to N of πQ[f˜1, · · · , f˜k] does not
depend on the hoie of the loal funtions f˜1, · · · , f˜k, and (ii) that the restrition to N of
πQ[f˜1, · · · , f˜k] is onstant along the bers of Φ : N → P (i.e. does not depend on x).
First, we hek (i). If we assume that f˜k vanishes on N ∩ V , then we have
dxf˜1 ∧ · · · ∧ dxf˜k ∈ ∧
k−1(ker(dxΦ))
⊥ ∧ TxN
⊥.
As a onsequene, the restrition to N of the funtion πQ[f˜1, · · · , f˜k] vanishes; this proves
(i).
Now, we prove (ii). The bers of Φ : N → P being onneted subsets, it sues to
hek that for any x ∈ V ∩ p−1(U) and u ∈ TxN , we have u[πQ[f˜1, · · · , f˜k]] = 0. By
assumption, there exists a loal vetor eld X through u tangent to N and whih satises
(LXπQ)|x ∈ ∧
k(ker(dxΦ))
⊥ ∧ TxN
⊥
. Hene
u
[
πQ
[
f˜1, · · · , f˜k
]]
|x
= X
[
πQ
[
f˜1, · · · , f˜k
]]
|x
= (LXπQ)|x
[
f˜1, · · · , f˜k
]
−
∑k
i=1(πQ)|x
[
f˜1, · · · ,X[f˜i], · · · , f˜k
]
.
But the funtion (LXπQ)[f˜1, · · · , f˜k] vanishes at the point x by assumption sine
dxf˜1, · · · ,dxf˜k ∈ (kerdxΦ)
⊥.
Moreover, the restrition to N of X[f˜i] vanishes, hene, aording to (i), we have
(πQ)|x
[
f˜1, · · · ,X[f˜i], · · · ∧ f˜k
]
= 0, ∀i = 1, · · · , k.
Hene u
[
πQ[f˜1, · · · , f˜k]
]
= 0 (at the point x). This ompletes the proof of (ii), and the
proof of Lemma 3.8 as well.
4 Sympleti groupoids and sympleti resolutions.
4.1 Denition of a sympleti resolution.
Let (M,πM ) be a Poisson manifold, and (T
∗M → M, [·, ·]piM , π#M ) the Lie algebroid as-
soiated with. By lassial theory of Poisson manifold, the leaves of this algebroid are
sympleti manifolds, and the inlusion maps are Poisson maps. For a given leaf S, we
denote by ωS its sympleti form. By onstrution, the bivetor eld πM on the manifold
M is tangent to all the sympleti leaves.
We explain what we mean by a sympleti resolution.
Denition 4.1. Let S be a loally losed sympleti leaf, and let S¯ be its losure, a sym-
pleti resolution of S¯ is a triple (Z,ωZ , φ) where
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1. (Z, φ) is a resolution of S¯,
2. the 2-form ωZ dened on φ
−1(S) by ωZ := φ
∗ωS extends to a holomorphi/smooth
sympleti 2-form on Z.
When (Z, φ) is only an étale/overing resolution, then we speak of an étale/overing sym-
pleti resolution. For onveniene, we often denote a sympleti resolution as a triple
(Z, φωZ).
Remark 4.2. We leave it to the reader to hek that an étale sympleti resolution resolution
(Z, φ, ωZ) is in partiular an étale resolution ompatible with πM , and, indeed, an étale
Poisson resolution.
Let us enumerate for larity all the onditions required in order to have a sympleti
resolution (Z,ωZ , φ) of the losure of a sympleti leaf S.
1. Z is a manifold and ωZ is a sympleti form with Poisson bivetor πZ ,
2. φ : Z →M is a holomorphi/smooth map from the manifold Z to the manifold M ,
3. φ(Z) = S¯,
4. φ−1(S) is dense in Z,
5. the restrition of φ to a map from φ−1(S) to S is a biholomorphism/dieomorphism,
6. φ : Z →M is a Poisson map.
For étale/overing sympleti resolutions, the fth point above needs to be replaed by
the restrition of φ to φ−1(S) is an étale/overing map over S.
We nish this introdutory setion by dening omplete sympleti resolutions. Let (Mi, πi),
i = 1, 2 be Poisson manifolds. Reall that a Poisson map φ : M1 →M2 is said to be om-
plete if, for all open subset U ⊂M2 and all f ∈ F(U), the ow starting at m ∈M1 of the
Hamiltonian vetor eld Xφ∗f is dened at the time t = 1 as soon as the ow starting at
φ(m) ∈M2 of the Hamiltonian vetor eld Xf is dened at the time t = 1.
Denition 4.3. Let (M,πM ) be a Poisson manifold and S a sympleti leaf. An étale
sympleti resolution (Z, φ, ωZ) of S is said to be omplete if the map φ is a omplete
Poisson map from (Z,ω−1Z ) to (M,πM ).
4.2 Sympleti groupoid and sympleti resolution of the losure of a
sympleti leaf.
Let (M,πM ) be a Poisson manifold and S a loally losed sympleti leaf. We introdue in
this setion the notion of Lagrangian rossing of S, whih is a partiular ase of algebroid
rossing adapted to the onstrution of sympleti resolutions. We then speialise Theorem
3.7 to the ase of Lagrangian rossing of Poisson manifolds.
Denition 4.4. Let S be a sympleti leaf of a Poisson manifold (M,πM ). A Lagrangian
rossing of S is a submanifold L of M suh that
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1. L ∩ S is dense in L and is a Lagrangian submanifold of S
2. L has a non-empty intersetion with all the sympleti leaves ontained in S¯.
We immediately onnet this notion to the notion of algebroid rossing.
Proposition 4.5. Any Lagrangian rossing L is an algebroid rossing of (T ∗M →M,π#M , [·, ·]
piM )
with normalisation TL⊥ → L and is oisotropi with respet to the bivetor eld πM .
Proof. First, L ∩ S being a Lagrangian submanifold of S, the identity π#M (T
∗
xL
⊥) = TxL
holds for any x ∈ L ∩ S. By density of L ∩ S in L, the inlusion π#M (T
∗
xL
⊥) ⊂ TxL holds
for any x ∈ L. As a onsequene, L is oisotropi with respet to πM . The vetor bundle
TL⊥ → L is a is the normalisation of L.
Aording to Denition 4.4 (2), L intersets all the algebroid leaves ontained in S¯, sine
these leaves are preisely the sympleti leaves. As a onsequene, rst, L is an algebroid
rossing of S¯, and, seond, its normalisation is TL⊥ → L.
In view of Proposition 4.5, one an apply Theorem 3.7 to the partiular ases where
algebroid rossings with normalisation are Lagrangian rossing of Poisson manifolds.
Theorem 4.6. Let (M,πM ) be a Poisson manifold, S be a loally losed sympleti leaf,
and L a Lagrangian rossing of S¯. If,
1. there exists a sympleti Hausdor Lie groupoid (Γ⇒M,ωΓ) integrating the Poisson
manifold M , and
2. there exists a losed sub-Lie groupoid R ⇒ L of Γ ⇒ N , losed as a subset of ΓLL,
integrating TL⊥ → L,
then
1. (Z(R), ωZ(R), φ) is an étale omplete sympleti resolution of S¯, where
(a) Z(R) = R\ΓL, and,
(b) φ : Z(R) → M is the unique holomorphi/smooth map suh that the following
diagram ommutes
ΓL
p
//
t
""E
EE
EE
EE
EE
Z(R)
φ

M
(12)
where p : ΓL → Z(L) = R\ΓL is the natural projetion, and
() ωZ(R) is the sympleti form dened by
p∗ωZ(R) = −ı
∗ωΓ. (13)
2. When L ∩ S is a R-onneted set, this étale omplete sympleti resolution is a ov-
ering omplete sympleti resolution with typial ber
pi0(Ix(Γ))
pi0(Ix(R))
, where x ∈ S is an
arbitrary point, and Ix(Γ) (resp. Ix(R)) stands for the isotropy group of Γ ⇒ M
(resp. of R⇒ L) at the point x.
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3. This étale omplete sympleti resolution is a omplete sympleti resolution if and
only if R ontains ΓL∩SL∩S . In this ase, we have R = Γ
L∩S
L∩S ∩ Γ
L
L.
4. When L ∩ S is a onneted set and R ⇒ L is the soure-onneted sub-Lie groupoid
of Γ ⇒ M with Lie algebroid TL⊥ → L, then the typial ber is isomorphi to
pi1(S)
j(pi1(L∩S))
, where j : π1(L∩S)→ π1(S) is the map indued at the fundamental group
level by the inlusion of L ∩ S into S.
We need, rst, a few lemmas.
Lemma 4.7. For any sympleti groupoid (Γ⇒M,ωΓ) that integrates a Poisson manifold
(M,πM ), the soure map (resp. the target map) is a omplete map from Γ = πΓ = ω
−1
Γ to
(m,πM ) (resp. (M,−πM )).
Proof. For the real ase, we refer to [2℄. In the omplex ase, note, to start with, that for
any holomorphi Poisson manifold (N,πN ) where πN is a holomorphi Poisson struture
with real part πRN , and any holomorphi loal funtion f , the Hamiltonian vetor eld Xf is
twie the Hamiltonian vetor eld (with respet πRN ) of the real part of f . As a onsequene
a Poisson map between holomorphi Poisson manifolds is omplete if the indued Poisson
map between their real parts is omplete.
Now, aording to [17℄, the real part of πΓ is preisely the Poisson bivetor eld assoiated
to the sympleti struture integrating the real part of πM . The soure and target maps
are then omplete maps sine Lemma 4.7 holds true in the real ase.
Lemma 4.8. Let P1, P2 be two Poisson manifolds and φ : P2 → P1 be a Poisson or anti-
Poisson map whih is a surjetive submersion. If L is a oisotropi submanifold in P1,
then φ−1(L) is oisotropi in P2.
Proof. We assume that φ is a Poisson map, the anti-Poisson ase being similar, up to a
sign. Sine φ is a submersion, for any x ∈ P2, the dual (ker(dxφ))
⊥
of the kernel of dxφ
is generated by ovetors of the forms dx2(φ
∗f), with f ∈ F(P1). Sine φ : P2 → P1 is a
Poisson map
φ∗(π
#
P2
(dx2φ
∗f)) = φ∗(Xφ∗f (x2)) = Xf (φ(x2))
Sine L is oisotropi, the relation Xf (φ(x2)) ∈ Tφ(x1)L holds. Sine φ is a submersion, we
obtain π#P2(dx2φ
∗f) ∈ Tx2(φ
−1(L)). This ompletes the proof.
Now we turn our attention to the proof of Theorem 4.6.
Proof. First, Conditions 1 and 2 in Theorem 4.6 imply that Conditions 1, 2 and 3 in
Theorem 3.7 are satised. Aording to Theorem 3.7 therefore, there exists a bivetor eld
πZ(R) on Z(R) suh that (Z(R), φ, πZ(R)) is an étale resolution of S¯ whih is ompatible
with the bivetor eld πM . In view of Denition 4.1, what remains to prove is that, indeed:
(i) the bivetor eld πZ(R) is the Poisson bivetor eld assoiated to a sympleti struture
ωZ(R) on Z(R) that satises Eq. (13), and (ii) that φ is a omplete map.
We prove (i). Denote by πΓ the multipliative bivetor eld on Γ assoiated with the
sympleti struture ωΓ. The submanifold L being oisotropi in M and the soure map
being an Poisson map, ΓL is a oisotropi submanifold of the sympleti manifold (Γ, ωΓ).
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Sine the 2-dierential assoiated with πΓ is the de Rham dierential (see [15℄ for instane),
Eq. (4) amounts to the following relation
−→
df = [[πΓ, s
∗f ]]TΓ = Xs∗f = π
#
Γ (s
∗df) (14)
for any loal funtion f ∈ F(M) (where Xf stands for the Hamiltonian vetor eld of f ).
One an immediately rewrite Eq. (14) as
−→α = (π#Γ )γ(s
∗α) (15)
for all α ∈ TmΓ and γ ∈ Γm. Sine s
∗
is a dieomorphism from (TmL)
⊥
to (TγΓL)
⊥
, Eq.
(15) gives: {
−→α |γ , α ∈ TmL
⊥
}
= ((π#
Z(R))|γTγΓL)
⊥
Now, the kernel of the projetion map p : ΓL → Z(R) = R\ΓL, at a point γ ∈ ΓL, onsists
preisely of the left-hand term in the previous expression, so that we have:
((π#Γ )|γ )
−1(ker(dγp)) = (TγΓL)
⊥
(16)
Now, for any z ∈ Z(R) and any α ∈ T ∗z Z(R), it follows by lassial bilinear algebra from
Eq. (7) that the tangent vetor (π#
Z(R))|z(α) is by onstrution given by
(π#
Z(R))|z(α) = −(dγp)
(
(π#Γ )|γ (p˜
∗α)
)
, (17)
where γ is a point in p−1(z) and, p˜∗α ∈ T ∗γΓ is a ovetor whose restrition to TγΓL
oinides with p∗α. In partiular, by Eq. (16), if (π#
Z(R))|z(α) = 0, then (p˜
∗α) belongs
to (TγΓL)
⊥
, and α needs to vanish. In other words, (π#
Z(R))|z is an injetive map, whih
implies that πZ(R) is the Poisson bivetor eld of a sympleti struture ωZ(R). Eq. (17)
amounts to Eq. (13). This ompletes the proof of (i).
Next, we prove (ii). Let U ⊂ M be a open subset, f ∈ F(U) a funtion suh that the
ow ΦMτ starting at m ∈ U is dened for the time τ = 1, and let z ∈ φ
−1(m) be a point.
The target map t from (Γ,−πΓ) to (M,πM ) is a omplete Poisson map, so that the ow
ΦΓτ of t
∗f starting at γ is dened for τ = 1, where γ ∈ Γ is any point suh that p(γ) = z.
Sine the Hamiltonian vetor eld Xt∗f is tangent to ΓL and sine p∗Xt∗f = Xφ∗f , the ow
starting at z of Xφ∗f is equal to p◦Φ
Γ
τ . In partiular, it is dened for τ = 1. This ompletes
the proof of (ii).
Remark 4.9. We are redevable to Jiang-Hua Lu for the following remark. If R ⇒ L is
a soure-onneted Lie groupoid, then, by onstrution, the proedure that we have used
to build the sympleti struture on Z(R) out of the sympleti struture of Γ mathes
exatly the proedure alled sympleti redution [20℄ with respet to the oisotropi sub-
manifold ΓL.
Proposition 2.14 an then be adapted easily.
Proposition 4.10. Let Li, i = 1, 2 be two Lagrangian rossing of S¯ suh that Ri = Γ
Li∩S
Li∩S
∩
ΓLiLi is a sub-Lie groupoid of Γ ⇒ M . Let Zi, i = 1, 2 be the resolutions orresponding to
by Theorem 4.6(3), i.e. Zi = Ri\ΓLi . The following are equivalent:
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(i) the sympleti resolutions (Z1, φ1, ωZ1) and (Z2, φ2, ωZ2) are isomorphi,
(ii) ΓL2∩SL1∩S ∩ Γ
L2
L1
is a Lagrangian submanifold of Γ, and the restritions to this subman-
ifold of the soure and the target maps are surjetive submersions onto L1 and L2
respetively,
(iii) there exists a submanifold I of Γ that gives a Morita equivalene between the Lie
groupoids R1 ⇒ L1 and R2 ⇒ L2:
ΓL1
!!C
CC
CC
CC
C
R1

I
s
 



t

??
??
??
??
R2

ΓL2
}}{{
{{
{{
{{
L1 L2
In this ase moreover, the R1-module ΓL1 orresponds to the R2-module ΓL2 with
respet to the Morita equivalene I. Also, the submanifold I ⊂ Γ is Lagrangian in Γ.
Proof. Two sympleti resolutions isomorphi as resolutions are isomorphi as sympleti
resolutions. The result is just then an immediate onsequene of Proposition 2.14.
The only diulty is to prove the last assertion. The manifold ΓL2∩SL1∩S is oisotropi by
Lemma 4.8 and is therefore, indeed, Lagrangian beause its dimension is half the dimension
of Γ. Hene I = ΓL2∩SL1∩S ∩ Γ
L2
L1
is a Lagrangian submanifold.
5 Charaterisation of sympleti resolutions of the previous
type.
We restrit our attention, in this setion, to the most interesting ase, id est, the ase
of sympleti resolutions. The aim of the present setion is to haraterise proper sym-
pleti resolutions of S isomorphi to the sympleti resolutions of the form (Z(R) =
R\ΓL, φ, ωZ(R)) onstruted out of a sub-Lie groupoid R ⇒ L integrating a Lie algebroid
rossing L as in Theorem 4.6 (3).
Assume that we have a Lagrangian rossing L of the losure S of a loally losed sympleti
leaf S of an integrable omplex or real Poisson manifold (M,πM ).
Denition 5.1. Let L be a Lagrangian rossing of the losure S¯ of a loally losed sym-
pleti leaf S of a Poisson manifold (M,πM ). A sympleti resolution (Z, φ, ωZ) of S¯ is
said to be L-ompatible if there exists a submanifold LZ of Z suh that the restrition of
φ to LZ is a biholomorphism/dieomorphism onto L.
Example 5.2. Aording to Lemma 2.15, the sympleti resolution (Z(R) = R\ΓL, φZ(R), ωZ(R))
onstruted as in Theorem 4.6 (3) is L-ompatible. In this ase, we have LZ = j(L).
Remark 5.3. For any L-ompatible sympleti resolution, we have LZ = φ
−1
Z (L ∩ S). In
partiular, the manifold LZ that appears in Denition 5.1 is unique. Indeed, we ould
haraterise L-ompatible sympleti resolution as being those suh that φ−1Z (L ∩ S) is a
submanifold of Z to whih the restrition of φ is a biholomorphism/dieomorphism onto
L.
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A resolution (Z, φ) is said to be proper if the map φ is a proper map. Note that a proper
sympleti resolution is always omplete.
Example 5.4. The sympleti resolution onstruted in Proposition 6.1 is not proper,
while the Springer resolution of a Rihardson orbit is.
Theorem 5.5. Let L be a Lagrangian rossing of S, where S is a loally losed sympleti
leaf S of a Poisson manifold (M,πM ).
Let (Z, φZ , ωZ) be a L-ompatible omplete sympleti resolution of S.
Let Γ ⇒ M be a soure-simply onneted and soure-onneted sympleti groupoid that
integrates the Poisson manifold (M,πM ). Then:
1. there exists a sub-Lie groupoid R⇒ L of Γ⇒M integrating TL⊥ → L losed in ΓLL
and ontaining ΓL∩SL∩S;
2. the sympleti resolution (Z(R) = R\ΓL, φZ(R), ωZ(R)) (whose existene is granted
by Theorem 4.6 (3)) is isomorphi (as a sympleti resolution) to an open subset of
(Z, φZ , ωZ);
3. if, moreover, the sympleti resolution (Z(R) = R\ΓL, φZ(R), ωZ(R)) is proper, then
the sympleti resolutions (Z, φZ , ωZ) and (Z(R) = R\ΓL, φZ(R), ωZ(R)) are isomor-
phi (as sympleti resolutions).
Before proving Theorem 5.5, we have to adapt in our ontext a result from the proof
of Theorem 8 in [4℄ and to state that (Z, φZ) is a right Γ-module. There are important
dierenes between our ase and the setting of [4℄. The authors of [4℄ work with sympleti
realizations, id est, sympleti varieties (S, ωS) endowed with a surjetive submersion from
S to M whih is also a Poisson map, while we do not assume φ to be surjetive in general.
Moreover, the holomorphi ase is not onsidered in their work. Also, we prefer to work
with right ation, while [4℄ works with left ation, but this last point makes of ourse no
major dierene. However, the following fat, adapted from the proof of Theorem 8 in [4℄,
remains valid.
Proposition 5.6. Let (Γ ⇒ MωΓ) be a soure-onneted and soure-simply onneted
sympleti groupoid integrating a Poisson manifold (M,πM ). Let S be a loally losed
sympleti leaf, and (Z, φZ ) an étale sympleti resolution of S. There is a unique ation
of the Lie groupoid Γ⇒M on Z
φZ→M whose restrition to φ−1Z (S) is given by
γ · z = φ−1Z (t(γ)) ∀z ∈ φ
−1
Z (S), γ ∈ Γs(z). (18)
Example 5.7. When (Z = R\ΓL, φZ) is a sympleti resolution assoiated to a sub-Lie
groupoid R ⇒ M integrating a Lagrangian rossing L as in Theorem 4.6(3), then the
unique ation that satises Equation (18) is the ation indued by the right ation of
Γ to itself. More preisely, it is given by γ · [g] = [gγ] for all [g] ∈ R\ΓL, γ ∈ Γ with
s(γ) = φZ([g]), where [g
′] ∈ R\ΓL stands for the lass in R\ΓL of a given element g
′ ∈ ΓL.
Proof. Sine φZ is an isomorphism from φ
−1
Z (S) to S, there is at most one Lie groupoid
ation of Γ⇒M on Z
φZ→M that satises Eq. (18) by density of φ−1Z (S) in Z. This proves
uniqueness.
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We sketh the argument of the existene and prove in detail only those whih dier from
[4℄.
Reall that a otangent path is a map a(u) of lass C1 from [0, 1] to T ∗M satisfying
dm(u)
du
= π#M
(
a(u)
)
∀u ∈ [0, 1]
where m(u) is the base path of a(u), id est, the projetion of a(u) onto M (through the
anonial projetion T ∗M → M). Also, one assumes that u 7→ a(u) is equal to zero for
all u in neighbourhoods of 0 and 1, so that one an onatenate two A-paths when the
end point of the rst one oinides with the starting point of the seond one. There is a
notion of homotopy of otangent paths, (see [4℄), and it is now a lassial result that if the
Poisson manifold (M,πM ) integrates to a soure-onneted and soure-simply onneted
groupoid Γ⇒M , there is an isomorphism
Γ ≃
otangent paths
homotopy
. (19)
The soure and targets of the element γ ∈ Γ orresponding to a otangent path are the
starting and end points of its base path respetively. Produt in Γ orresponds to onate-
nation of otangent paths.
The argument used in the step 2 of the proof of theorem 8 in [4℄ does not use the assumption
that what the map denoted by µ in [4℄ (and whih is our φZ) is a surjetive submersion.
It therefore remains valid and yield the following result: given a otangent path a(u) with
base path m(u), and some z ∈ Z with φZ(z) = m(1), there exists a unique urve z(u) on
Z with starting point z(0) = z and whih satises the dierential equation{
dz(u)
du = π
#
Z
(
φ∗Σ(a(u)
)
φΣ
(
σ(u)
)
= m(u) ∀u ∈ [0, 1]
(20)
Lemma 2 in [4℄ does not use the fat that the map alled µ in [4℄ is a surjetive submersion
and remains valid. Its onlusion is that z(1) does not depend on the lass of homotopy of
the otangent path a(u). This seond point, together with the identiation given in Eq.
(19), yields the existene of a map Z ×φZ ,M,s Γ→ Z. This map denes a (right)-groupoid
ation (as shown in the end of Step 2 in [4℄, up to the fat that [4℄ onsiders left ation).
Eq. (18) is automatially satised.
The only deliate point is to show that this ation is indeed holomorphi in the omplex
ase. But it follows immediately from Eq. (18) that the restrition to φ−1Z (S) ×φZ ,M,s ΓS
of the ation map Z ×φZ ,M,s Γ→ Z is holomorphi. Sine φ
−1
Z (S) is dense is Z, the ation
map is holomorphi.
Now, we an turn our attention to the proof of Theorem 5.5.
Proof. 1) We use the shorthand j = (φZ)|Z to denote the restrition of φZ to a biholo-
morphism/dieomorphism from LZ onto L. The ation of Γ ⇒ M on Z
φZ→ M restrits
and yields a map, that we denote by Ξ, from LZ ×j,L,s ΓL to Z. But LZ ×j,L,s ΓL is
simply isomorphi to ΓL (the isomorphism being simply the projetion onto the seond
omponent), so that Ξ an be onsidered as a map from ΓL to Z,
The relation (18) an be rewritten as φZ ◦ Ξ = t. Under this form, it implies that the
restrition of Ξ to ΓL∩S is given by φ
−1
Z ◦ t. This fat has several onsequenes.
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1. First, φ−1Z (S) ⊂ Ξ(ΓL).
2. Let ωΓL be the restrition of ωΓ to ΓL. The following relation holds:
Ξ∗ωZ = −ωΓL (21)
Let us prove this relation. Sine the target map is an anti-Poisson map, we have the
relation t∗ωS = (−ωΓ)|ΓS . But ΓL∩S ⊂ Γ
S
, and we an onlude that t∗ωS = −ωΓL .
This relation, together with the relation Ξ∗ ◦ φ∗Z = t
∗
and the fat that phiZ is a
sympletomorphism from (φ−1Z (S), ωZ) to (S, ωS) implies that Eq. (21) holds on
φ−1Z (S), hene on Z by density.
3. Let ε(L) ⊂ ΓL be the image of L through the unit map. The restrition of Ξ
to ε(L) takes its values in LZ . Sine both t : ε(L) → L and j : are biholomor-
phisms/dieomorphisms, the restrition of Ξ to ε(L) is a biholomorphism/dieomorphism
onto LZ .
Let us show that Ξ is a submersion onto its image. Reall that the rank of ωΓL is dim(S),
as well as the rank of ωZ . Eq. (21) implies then that dγΞ is surjetive at every point
γ ∈ ΓL, id. est, that Ξ is a submersion onto its image.
The inverse image of LZ through Ξ is therefore a sub-manifold of ΓL that we denote by
R. Let us desribe all the properties of R. First, by onstrution, R ⊂ Γ is the set of
points in r ∈ Γ suh that Ξ(r,m) ∈ LZ where m = j
−1(s(r)). With the help of that
haraterisation, we leave it to the reader to hek that Ξ is stable by inverse. Sine Ξ is
a submersion onto its image, the restrition of Ξ to R is a submersion onto its image LZ ,
and the restrition of the target map t to R is also a submersion onto its image L. Sine
the inverse map intertwines the soure and the target maps, the restrition of the soure
map s to R is also a submersion onto ts image L. Now, one sees easily that the produt
of two ompatible elements in Ris in R also. Therefore R ⇒ L is a groupoid. Sine it
obviously ontains ΓL∩SL∩S as a dense open subset, it proves (1).
2) Aording to Theorem 4.6 (3), (Z(R) = R\ΓL, φZ(R), ωZ(R)) is a sympleti resolution
of S¯. The map Ξ goes to the quotient and yields a map, that we denote Ψ from Z(R)
to Z. By onstrution, the restrition of Ψ to the dense open subset φ−1
Z(R)(S) is given by
Ξ = φ−1Z ◦ φZ(R). In partiular, it is a one-to-one map and it is a sympletomorphism. By
density, it implies that Ψ is a sympletomorphism, and is therefore an open map, and a
loal dieomorphism onto its image. But a loal dieomorphism whih is a dieomorphism
on a dense open subset is a dieomorphism. This ompletes the proof.
3) It remains to prove that Ψ is onto when φZ(R) is proper. Let U be an open subset of Z
ontained in ψ−1Z (S) whose losure U (w.r.t. the topology of the manifold Z) is ompat.
Let V = Ψ−1(U). It is elementary that V = φ−1
Z(R)(φZ(U)), so that V ⊂ φ
−1
Z(R)(φZ(U)).
But φZ(U ) is ompat sine φZ is ontinuous and φ
−1
Z(R)(φZ(U)) is ompat by properness
of φZ(R). Now, Ψ(V ) is ompat and ontains U , it therefore ontains U . Sine any point
in Z lies inside the losure of a relatively ompat open set ontained in the dense open
subset ψ−1Z (S), Ψ is surjetive. This ompletes the proof.
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6 Examples
6.1 Poisson brakets on R2
In this setion, we work in the setting of real dierential geometry. We present an example
for whih the spae we are working on is a regular manifold, but the Poisson struture
has singularities.
Let κ(x, y) be a smooth non-negative funtion on R2. We assume that the set of zeroes
(zi)i∈I is a disrete subset of R
2
; so that we an assume I ⊂ N. Dene a Poisson braket
on R2 by
{x, y} = κ(x, y)
We fous on the sympleti leaf S = R2 − {zi, i ∈ I}. Note that in this ase S¯ = R
2
is a
smooth manifold.
Any smooth submanifold L of dimension 1, i.e. any smooth embedded urve, is a oisotropi
submanifold, whose intersetion with S is Lagrangian. So that any smooth embedded urve
L that goes through all the points zi, i ∈ I is a Lagrangian rossing. Suh a urve always
exists.
Aording to Corollary 5 in [4℄, this Poisson manifold is integrable and integrates to a Lie
groupoid Γ ⇒ R2. Theorem 4.6 allows us to built sympleti étale resolutions whenever
TL⊥ → L integrates to a sub-Lie groupoid of Γ ⇒ M losed in ΓLL. In a future work, we
shall see that this is always the ase: more preisely there exists a soure-onneted sub-Lie
groupoid of Γ ⇒ M as well as a sub-Lie groupoid ontaining ΓL∩SL∩S integrating TL
⊥ → L
and losed in ΓLL. However, we restrit ourself here to the most basi example.
Example: the ase of the braket {x, y} = x2 + y2.
We introdue omplex oordinates z = x+ iy, z¯ = x− iy, and we study the ase κ(x, y) =
x2 + y2 = zz¯. Aording to [6℄, the sympleti Lie groupoid is given in this ase by
1. Γ := C× C,
2. the soure map s(Z, z) = z and the target map t(Z, z) = eZz¯z,
3. the produt (Z1, z1) · (Z2, e
Z1z¯1z1) = (Z1 + e
Z¯1z1Z2, z1)
4. the sympleti struture
ωΓ = zz¯dZ ∧ dZ¯ + 2Re(zZdZ ∧ dz) + ZZ¯dz¯ ∧ dz + 2Re(dZ ∧ dz¯). (22)
(Indeed, the expliit strutures of [6℄ have been slightly modify in order to math our
previous onventions). The real axis is a Lagrangian rossing that we denote by L. By
onstrution, ΓL = {(Z, λ)|Z ∈ C, λ ∈ R}. The sub-Lie groupoid R
(0) = R2 ⊂ Γ integrates
TL⊥ → L. So that all the assumptions of Theorem 4.6 are satised. We now desribe
expliitly the sympleti étale resolution obtained by this proedure.
The quotient spae Z(R(0)) = R(0)\ΓL is given by
Z(R(0)) ≃
C×R
∼
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where (Z, λ) ∼ (ZeMν+M,ν) whenever λ = νeMν . In any lass of the equivalene relation
∼, there is one and only one element of the form (ia, b) with a, b ∈ R. Let us justify this
point. Uniqueness is straightforward. Now, we set M = −(Im(Z))e−Zλ and ν = λe−Zλ.
One heks easily that t(M,ν) = s(Z, λ) and that (M,ν)(Z, λ) is of the requested form
(i.e. the real part of the rst omponent vanishes). As a onsequene, Z(R(0)) is simply
isomorphi to R
2
. The target map t : ΓL → R
2 ≃ C fatorizes to yield the map
φ(a, b) := beiab = (b cos(ab), b sin(ab))
and (Z(R(0)), φ) is an étale resolution of S ≃ R2. Aording to Theorem 4.6, Z(R(0))
endows a sympleti struture ωZ(R(0)) suh that φ is a Poisson map. We ould ompute
this struture from the one on Γ as given by (22), but the omputation is quite tedious. It
is muh easier, sine we know by Theorem 4.6 that this struture has to exist, to dedue
diretly from the fat that φ is Poisson map the expliit form of the Poisson braket
{·, ·}Z(R(0)) orresponding to ωZ(R(0)). We proeed as follows. The denition of a Poisson
map yields the relation
{b cos(ab), b sin(ab)}Z(R(0)) = φ
∗{x, y}R2 (23)
where x, y are the oordinate funtions ofM ≃ R2, and where the relations φ∗x = b cos(ab)
and φ∗y = b sin(ab) have been used. On the one hand, by a diret omputation, we obtain
φ∗{x, y}R2 = φ
∗(x2 + y2) = b2(cos2(ab) + sin2(ab)) = b2 (24)
and on the other hand the Leibniz rule gives
{b cos(ab), b sin(ab)}Z(R(0)) = b
2{a, b}Z(R(0)). (25)
Aording to Equations. (23-24-25), the indued struture on Z(R(0)) is simply given by
{a, b}Z(R(0)) = 1, whih orresponds to the sympleti 2-form
ωZ(R(0)) = da ∧ db
In order to nd better resolutions, one has to replae R(0) ⇒ L by a bigger sub-Lie
groupoid. This an be done as follows. Fix k ∈ N and let
R(k) := {(ν + n
ikπ
λ
, λ) | ν ∈ R, λ ∈ R∗, n ∈ Z} ∪ {(ν, 0) | ν ∈ R}
= R(0) ∪ (∪n∈Z{(ν + n
ikπ
λ
, λ) | ν ∈ R, λ ∈ R∗, n ∈ Z∗})
For all k ∈ Z, R(k) is a losed sub-Lie groupoid of Γ ⇒ M with Lie algebroid TL⊥ → L.
For k = 0, we reover the previous ase, for k = 1, we have obviously
R(1) = ΓL∩SL∩S ∩ Γ
L
L.
By Theorem 4.6 (3) therefore, Z(R(1)) = R(1)\ΓL is a sympleti resolution of S¯. The
quotient spae Z(R(k)) = R(k)\ΓL is given by
Z(R(k)) :=
C× R
∼k
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where (Z, λ) ∼k
(
(−1)knZeMν +M + iknpi
ν
, ν
)
whenever λ = ν(−1)nkeMν . In any lass
of the relation ∼k, there is at least one element of the form (ia, b) with a, b ∈ R, and
a short omputation shows that Z(R(k)) is indeed isomorphi to R2/ ∼′k, where ∼
′
k is
the equivalene relation that identies (a, b) with ((−1)kna + nkpi
b
, (−1)knb) for all n ∈ Z
whenever b 6= 0.
The sympleti form ωZ(R(0)) = da ∧ db goes to the quotient through the equivalene
relation ∼′k, as one easily heks. This ahieves the onstrution of a sympleti resolution
of S¯.
We summarise this onstrution as follows, that presents the extremal ases k = 0 and
k = 1.
Proposition 6.1. 1. The triple (Z(R(0)), φ, ωZ(R(0))) is an étale sympleti resolution
of S¯, more preisely:
(a) Z(R(0)) ≃ R2, we denote (a, b) the anonial oordinates
(b) ωZ(R(0)) = da ∧ db
() φ(a, b) := beiab =
(
b cos(ab), b sin(ab)
)
2. The triple (Z(R(1)), φ1, ωZ(R(1))) is a sympleti resolution of S¯, more preisely:
(a) Z(R(1)) ≃ R2/ ∼′1, where ∼
′
1 is the equivalene relation that identies (a, b)
with ((−1)na + npi
b
, (−1)nb) for all n ∈ N whenever b 6= 0. We denote by
(a, b) ∈ Z(R(1)) the lass of (a, b) ∈ Z(R(0))
(b) ωZ(R(1)) is the unique sympleti form satisfying Π
∗ωZ(R(1)) = ωZ(R(0)) where
Π : Z(R(0))→ Z(R(1)) is the anonial projetion
() φ1 is (well)-dened by φ1
(
(a, b)
)
= (b cos(ab), b sin(ab)).
3. The projetion Π is a morphism of étale sympleti resolutions.
Of ourse, the previous onstrutions ould be done for any straight line through the origin,
sine the Poisson struture is invariant under a rotation entred at the origin. Two suh
resolutions are in general not isomorphi.
Proposition 6.2. Let L1 and L2 be two straight lines through the origin. Let (Z1, φ1) and
(Z2, φ2) be the two sympleti resolutions assoiated with as in Proposition 6.1(2). The
resolutions (Z1, φ1) and (Z2, φ2) are isomorphi if and only if L1 = L2.
Proof. By symmetry, one an assume that L1 is the real axis. Then, by denition of the
groupoid struture on Γ⇒M
ΓL2∩SL1∩S = { (Z, λ) |λ ∈ R
∗, λeZλ ∈ L2 }
= { (Z, λ) |λ ∈ R∗, eZλ ∈ L2 }
= { (Z, λ) |λIm(Z)− α ∈ πZ },
where α ∈ R is the angle with the horizontal line. We leave it to the reader to hek that
ΓL2∩SL1∩S has an empty intersetion with s
−1(0) when α does not belong to πZ. (In other
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words, the latter means that there is no sequenes (λk)k∈N, (Zk)k∈N with λk onverging
to 0 and with Zk onvergent so that λkIm(Zk) − α ∈ πZ for all k ∈ N). In onlusion,
when L2 is not the horizontal axis, the restrition of the soure map s to Γ
L2∩S
L1∩S
is not a
surjetive map onto L1. Aording to Proposition 4.10 therefore, the resolutions (Z1, φ1)
and (Z2, φ2) an not be isomorphi.
6.2 Nilpotent orbits of a semi-simple Lie algebra: the Springer resolu-
tion
We onstrut, as a partiular ase of the sympleti resolutions previously built, a very
lassial resolution alled the Springer resolution.
In the present ase, the spae we are working on is a singular variety, but the Poisson
struture is "as regular as possible" in the sense that it is sympleti at regular points.
Let g be a omplex semi-simple Lie algebra and G a onneted Lie group integrating g.
The Lie algebra g is identied with its dual g∗ with the help of the Killing form.
We identify the linear Poisson manifold g∗ (endowed with the linear Poisson struture) with
g with the help of the Killing form. This Poisson manifold is integrable. More preisely, it
integrates to the transformation Lie groupoid T ∗G ≃ G× g⇒ g where
1. the soure map, target map and produt are as follows
s(g, u) = u
t(g, u) = Adg−1(u)
(g, u) · (h,Adg−1u) = (gh, u)
2. the sympleti struture is the anonial sympleti struture on a otangent bundle.
See [2℄ or [7℄ for more details.
Let S a nilpotent orbit in g. The fundamental assumption that we have to make in order
to onstrut an étale resolution of S¯ is the following. Assume that S is a Rihardson orbit,
i.e. that there exists a paraboli subalgebra P ⊂ g whose nilradial U satises the property
that U ∩ S is dense in U.
Lemma 6.3. The nilradial U is a Lagrangian rossing of S¯.
I am strongly grateful to P. Tauvel and R. Yu for the following proof.
Proof. Aording to the Theorem of Rihardson, (see [23℄), for any x ∈ U ∩ S, the in-
tersetion of the G-orbit of x with P is the P -orbit of x. As a onsequene, for any
v1, v2 ∈ TxU ≃ U, there exists p1, p2 ∈ P suh that vi = [pi, x], i = 1, 2. By the denition
of the sympleti struture ωS of S, we have
ωS(v1, v2) = 〈x, [p1, p2]〉 = 〈[x, p1], p2〉 .
The spaes P and U being dual to eah other w.r.t. the Killing form, this amounts to
ωS(v1, v2) = 〈[x, p1], p2〉 = 0. In onlusion, U is a oisotropi submanifold of g.
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Now, hoose some x ∈ U ∩ S and some w ∈ TxS. There exists some a ∈ g suh that
w = [a, x].
Assume that ωS(v,w) = 0 for all v ∈ TxU. Sine [P, x] = U, we have
〈x, [p, a]〉 = 〈[x, p], a〉 = 0 ∀p ∈ P
Hene a ∈ U⊥ = P and v ∈ TxU. Therefore U ∩ S is Lagrangian in S.
The last deliate point is to hek that U intersets all the sympleti leaves inluded of S¯.
Let P be the onneted paraboli subgroup that integrates P. Sine G/P is projetive,
the projetion Π2 onto the seond omponent G/P × g→ g is a losed map. Now G/P is
the Grassmannian of all Lie subalgebras of g onjugate to P. The set S of pairs (P˜, x) ∈
G/P × g suh that x belongs to the nilradial of P˜ is a losed subset. Sine Π2 is a losed
map, Π2(S) is a losed subset of g. But Π2(S) is preisely the union of all the adjoint
orbits through U. This ompletes the proof.
We have an identiation P ≃ U⊥. As a onsequene, the sub-Lie groupoids of G× g⇒ g
that integrate the subalgebroid P×U → U are all the Lie groupoids of the form P ×U⇒ U
where P is any paraboli Lie subgroup of G with Lie algebra P. In this ase, one an
identify ΓU with G × U and the left ation of P × U ⇒ U orresponds preisely to the
diagonal ation of P given by
p · (g, u) = (pg,Adpu) ∀g ∈ G,u ∈ U, p ∈ P.
so that ZU =
G×U
P
and φ((g, u)) = Adg−1u where (g, u) stands for the lass of (g, u) ∈ G×U.
Sine U is a onneted set, G×U
P
, φ) is an étale sympleti resolution with typial ber
pi0(StabG(x))
pi0(StabP (x))
. Aording to Theorem 4.6, it is a sympleti resolution if and only if
π0(StabP (x)) = π0(StabG(x)).
We reover as a partiular ase of Theorem 4.6 the following Proposition, whih seems
well-known (see Proposition 3.15 in [10℄ for instane).
Proposition 6.4. [10℄ The Springer resolution (G×U
P
, (g, u) → Adg−1u) of the losure
S¯ of a Rihardson orbit S is a overing sympleti resolution for any paraboli subgroup
P suh that U ∩ S is dense in S, where U is the nilradial of Lie(P ). It is a sympleti
resolution if and only if there exists a suh a paraboli subgroup P suh that π0(StabP (x)) =
π0(StabG(x)).
Remark 6.5. For any g ∈ G, and any U and P as in Proposition [10℄ above, AdgU is
again the nilradial of the Lie algebra of the paraboli subgroup gPg−1. In partiular,
AdgU is again a Lagrangian rossing of S and AdgU is a Lie groupoid that integrates
it. In partiular, one an form a seond sympleti resolutions with Z ′ :=
G×Adg(U)
gPg−1
and
φ′ : Z ′ 7→ S¯ dened as before. This seond sympleti resolution is isomorphi to the rst
one. The Lagrangian losed submanifold I of Γ that gives, aording to Proposition 4.10,
the Morita equivalene between the Lie groupoids P ⇒ U and gPg−1 ⇒ AdgU is
I := gP × U ⊂ G× g.
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6.3 Exat multipliative k-vetor elds
For any algebroid (A → M,ρ, [·, ·]), and any Lie groupoid Γ ⇒ M that integrates it, and
any Λ ∈ Γ(∧kA → M), the k-vetor eld
−→
Λ −
←−
Λ is multipliative. The k-vetor elds it
denes on M is simply ρ(Λ), and is tangent to all algebroid leaves.
We hoose a loally losed algebroid leaf S and an algebroid rossing L of S oisotropi
with respet to ρ(Λ).
We leave it to the reader to hek that the k-vetor eld on πZ(R) indued in this ase
on the étale resolution Z(R) = R\ΓL (provided that it exists) is simply the innitesimal
k-vetor eld assoiated to Λ through the right ation of Γ⇒M on Z(R).
6.4 The Grothendiek resolution with its Evens-Lu Poisson struture.
We show that the Grothendiek resolution is an example of resolution of a (holomorphi)
algebroid leaf, and we use Poisson groupoids to turn the Grothendiek resolution in a
Poisson resolution. This Poisson struture is preisely the one disovered by Sam Evens
and Jiang-Hua Lu in [11℄.
Any Lie group G ats on itself by onjugation, so that one an form the ation groupoid
G ×G ⇒ G (here G stands for the Lie group G when it an be onsidered as a manifold
ated upon by onjugation, while we keep the notation G when G is onsidered as a Lie
group). Reall that the soure map s is given by (g, h) → h, the target map t is given
by (g, h) → g−1hg and the produt is given by (g1, h1) · (g2, h2) = (g1g2, h1) whenever
h2 = t(g1, h1).
The Grothendiek resolution.
Assume now that G is a omplex simple, onneted and simply-onneted Lie group. Let
H be a Cartan subgroup, B a Borel subgroup ontaining H, and U the unipotent radial
of B.
We hoose some t ∈ H and denote by S the regular orbit (= onjugay lass) ontaining
t in its losure, see [14℄. The losure S of S is what is alled a Steinberg ber and denoted
by Ft in [11℄.
Lemma 6.6. The submanifold L = tU is an algebroid rossing of S with normalisation
Lie(R)→ tU .
Proof. Any g ∈ G belongs to a Borel subgroup, and all Borel subgroups are onjugate. In
partiular, any g ∈ S is onjugate to an element in t′U , with t′ ∈ H. Sine the intersetion
of two Steinberg bers is empty (see setion 3.2 in [11℄), one needs to have t = t′, and tU
intersets all the algebroid leaves ontained in S.
The Lie groupoid R = B × tU ⇒ tU is a losed sub-Lie groupoid of the Lie groupoid
Γ = G×G⇒ G, and:
ΓL∩SL∩S ⊂ R. (26)
Let Lie(R) → tU be the Lie algebroid of R ⇒ tU . For all g ∈ tU ∩ S, Eq. (26) amounts
to the fat that Lie(R) = ρ−1(TgtU), so that Lie(R) → tU is the normaization of tU . By
onstrution L ∩ S is a dense open subset of L = tU . This ompletes the proof.
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By Lemma 6.6 and (26), all the assumptions of Proposition 2.11(3) are satised, and one
an onstrut a resolution of S, that we denote by (Xt, µ) in order to follow the notations
of [11℄ again. Let us give expliitly the onstrution of Xt and µ. To start with, we learly
have ΓL = G×L = G×tU , while the quotient under the left ation of the Lie sub-groupoid
R⇒ L is the quotient of G× tU through the ation of the Lie group B given by
b · (g, tu) = (bg, btub−1) ∀b ∈ B, g ∈ G,u ∈ U. (27)
The map µ is the map µ([g, tu]) → Adg(tu) (where [g, tu] ∈
G×L
B
is the lass modulo the
ation of B of the element (g, tu) ∈ G× L).
A short omparison with Setion 3.2 in [11℄ shows that the resolution (Xt, µ) oinides
with the Grothendiek resolution (also alled Springer resolution). In onlusion, we have
the following proposition.
Proposition 6.7. Let G be a simple, onneted and simply-onneted omplex Lie group,
H a Cartan subgroup and t ∈ H. Let S ⊂ G be a regular orbit with t ∈ S, and Ft = S be
the Steinberg ber. Let (Xt, µ) be as above.
The resolution (Xt, µ) is a resolution of the Steinberg ber Ft = S.
The Evens-Lu Poisson struture.
Now, we endow the resolution (Xt, µ) of Ft with a Poisson struture, following [11℄ as a
guideline again. The onstrution below mathes step by step the onstrution in [11℄,
only the interpretation laims to be new.
Let g be the Lie algebra of G, and . The Lie algebra h of H is a Cartan subalgebra, and
we an hoose a root deomposition Φ = Φ+ ∪ Φ− and root vetors Eα, E−α, α ∈ Φ+ so
that the spae
n = ⊕α∈Φ+CEα
is the Lie algebra of U . Also we dene
n− = ⊕α∈Φ+CE−α.
We reall the onstrution of the standard Manin triple [16℄. Let g∆ be the diagonal of
g⊗ g, and
g∗st = {(x+ y,−y + z) |x ∈ n, z ∈ n−, y ∈ h}.
Then (g⊕ g, g∆, g
∗
st) is a Manin triple.
Aording to [15℄, Setion 4.5 (in partiular Theorem 4.21), to any Manin triple (d, g1, g2),
is assoiated a natural multipliative Poisson struture on the transformation groupoid
G1×D/G1 ⇒ D/G1, where D and G1 ⊂ D are onneted and simply-onneted Lie groups
integrating d and g1 respetively, and where G1 ats on D/G1 by left multipliation. In the
present ase, D = G×G and G1 is the diagonal G∆ of G×G, so that D/G1 an be identied
with G by mapping [g1, g2] ∈ D to g1g
−1
2 ∈ G, where [g1, g2] stands for the lass of (g1, g2)
modulo the ation of B given by Equation (27). Under this isomorphism the G-ation on
D/G beomes the onjugation of G on G, so that the Lie groupoid G×D/G⇒ D/G an
be identied with the Lie groupoid G × G ⇒ G previously desribed. In onlusion, the
Lie groupoid G×G⇒ G an be endowed with a Poisson struture πG×G that turns it into
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a Poisson groupoid (i.e. a Lie groupoid endowed with a multipliative Poisson bivetor
eld, see [27℄). A preise desription of πG×G is given by Equation (77) in [15℄.
Sine the pair (G×G⇒ G,πG×G) is a Poisson Lie group, there exists a Poisson struture
πG on the base manifold G suh that πG = s∗(πG×G) as in Equation (3).
We wish to ompare these vetor elds with the Poisson struture on G×G alled π+D and
the Poisson struture on G alled π introdued in [11℄, Setion 2.2:
Lemma 6.8. 1. The Poisson strutures π and −πG oinide.
2. The Poisson struture πG×G is the image of the Poisson struture −π
+
D through the
map (g1, g2)→ (g2, g1g
−1
2 )
Proof. We only prove the rst point, sine it is the only point really needed to prove
Proposition 6.10. The seond one is just a umbersome omputation.
Aording to Proposition 4.19 in [15℄, the Poisson struture indued on G ≃ G × G/G∆
(whih is the spae denoted by S in [15℄) is equal to:
πG = −
d∑
i=1
(ei)S ∧ (εi)S (28)
where XS stands for the innitesimal vetor eld indued by the ation of an element
X ∈ d = g⊕ g on G ≃ G×G/G∆, and where (ei)
d
i=1, (εi)
d
i=1 are dual bases of g
∗
st and g∆
respetively. But, under the identiation G × G/G∆ ≃ G mapping [g1, g2] to g
−1
1 g2, as
previously desribed, we have (X,Y )S = X
L−Y R, where XL and Y R are the left and right
ations of X,Y ∈ g on G respetively. The onstrution of πG given in Eq. (28) oinides
then with the onstrution of π desribed in Equation (2.10) in [11℄, up to a sign.
Remark 6.9. To nd again the expliit form of π given in Equation (2.10) in [11℄, one an
hoose the dual bases of g∗st and g∆ given by{
(y1,−y1), . . . , (yr,−yr), (0,−E−α), (Eα, 0) |α ∈ Φ
+
}
and {
(y1, y1), . . . , (yr, yr), (Eα, Eα), (E−α, E−α) |α ∈ Φ
+
}
.
where (yi)
r
i=1 is a base of h with 2 〈yi, yj〉 = δ
j
i , and where we assume that 〈Eα, E−α〉 = 1
for all α ∈ Φ+. In the previous, 〈·, ·〉 stands of ourse for the Killing form.
Aording to Lemma 3.7 in [11℄, the submanifold L = tU is oisotropi with respet to
πG (whih, aording to Lemma 6.8(1), oinides with the Poisson struture denoted by π
is [11℄). All the onditions of Theorem 3.7(4) are therefore satised. We an onstrut a
Poisson struture on Xt =
G×L
B
suh that µ : Xt =
G×L
B
→ G is a Poisson map, id. est.
(Xt, µ) is a resolution ompatible with the Poisson struture πG. In onlusion, we have
proved the follwing proposition:
Proposition 6.10. Let G be a simple onneted and simply-onneted omplex Lie group,
and H a Cartan subgroup. Let S ⊂ G be a regular orbit with t ∈ S.
The Poisson struture πG is tangent to the Steinberg ber Ft = S, and the resolution
(Xt, µ) of Ft is a Poisson resolution.
41
Sine µ−1(S) is open and dense in Xt, the Poisson struture on Xt suh that µ is a Poisson
map is unique, and the one onstruted here needs to oinide with the one onstruted
in [11℄. Proposition 6.10 therefore reproves Proposition 4.5 (2) is [11℄. Indeed, a step by
step omparison, with the help of Lemma 6.8(2), shows that the present onstrution of
the Poisson struture on Xt as exposed in the proof of Theorem 3.7(4), oinides preisely
with the onstrution desribed in [11℄.
6.5 Minimal resolutions of C2/(Z/lZ).
Let l ∈ N∗ be an integer. The group Zl = Z/lZ, seen as the group of l
th
roots of the unity,
ats on C
2
by λ · (z1, z2) = (λz1, λz2), for all λ ∈ Zl. The quotient spae Wl = C
2/Zl is an
ane variety that an be desribed as the zero lous in C
3
of the funtion
χl(x, y, z) := xy − z
l.
The varietyWl has only one singular point O; when seen as a subvariety of C
3
, this singular
point is the origin.
Let us reall several fats about its anonial Poisson struture. The ation of G preserves
the anonial sympleti struture on C
2
, hene the anonial Poisson braket on C
2
goes
to the quotient and indues a Poisson braket {·, ·}Wl on Wl. This Poisson struture πWl
is sympleti at all regular points of Wl.
Alternatively, it an be desribed as follows. Consider the following Poisson braket πC3 =
{·, ·}C3 on C
3
:
{x, y}C3 =
∂χl
∂z
, {y, z}C3 =
∂χl
∂x
, {z, x}C3 =
∂χl
∂y
. (29)
Then χl is a Casimir funtion of the latest braket, so that the Poisson struture it denes
indues a Poisson struture on the zero lous Wl of χl.
Lemma 6.11. There exists a algebrai Poisson variety (N,πN ) suh that
1. N is a nonsingular variety.
2. (N,πN ) is integrable (when seen as a holomorphi Poisson manifold).
3. (N,πN ) admits a sympleti leaf S whose losure S is a subvariety of N isomorphi
to Wl as an algebrai Poisson manifold. moreover, S is the regular part of S.
Proof. A natural andidate for (N,πN ) would be (C
3, πC3). But it is not lear that this
struture is integrable. But (C3, πC3) is, aording to Theorem 5.5 in [5℄, a Poisson sub-
manifold of a Poisson manifold N (and also denoted N in [5℄) that we now desribe.
Let e ∈ sll(C) be an element of the subregular nilpotent orbit, and n ⊂ sll(C) be a
omplement of the entraliser of e. Then the ane spae N := x + n⊥ is of ourse a
nonsingular submanifold, so that ondition 1) is satised.
Aording to [21℄, one an hoose n so that the Poisson matrix of the linear Poisson
struture of sll(C) is, for all y ∈ N , of the form(
A(y) B(y)
−B⊥(y) C(y)
)
(30)
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where C(y) is an invertible matrix (more preisely, a matrix of determinant 1, see the proof
of Theorem 2.3 in [21℄). This amounts to the fat that N is a Dira submanifold of sll(C).
The lassial proedure alled Dira redution in [21℄ (and sometimes alled Poisson-Dira
redution) yields then a Poisson struture πN on N , whih is polynomial by onstrution.
In onlusion (N,πN ) is an algebrai Poisson variety.
Let us show that it is integrable. First, sll(C) is an integrable Poisson manifold, and the
sympleti Lie groupoid that integrates this Poisson manifold is Γ = SLl(C) × sll(C) ⇒
sll(C). Sine the matrix C(y) is invertible for all y ∈ N , N is a osympleti submanifold
of sll(C) (see [4℄, a osympleti manifold is a Poisson-Dira manifold with a sympleti
transverse struture). This implies that ΓNN ⇒ N is a sympleti sub-Lie groupoid of
Γ ⇒ sll(C), and the Poisson struture it integrates is the Dira-Poisson struture on N ,
see [4℄. Hene N is a Poisson-Dira submanifold.
For all k ∈ {1, · · · , l − 1}, the subvariety of C3
Lk := {(λ
k, λl−k, λ), λ ∈ C}
is a subvariety of Wl. It an also be desribed by the equations:
x = zk and y = zl−k. (31)
Lemma 6.12. For all k ∈ {1, · · · , n−1}, the subvariety Lk is a Lagrangian rossing of S.
Proof. The subvariety Lk is nonsingular, sine it is given by (31) when seen as a subvariety
of C
3
via the inlusionWl ⊂ C
3
desribed above. The intersetion of Lk with S is of ourse
Lagrangian sine it has dimension 1. Now, the identity S = S ∪ {O} holds, the subvariety
Lk ontains the point O, and has a nonempty intersetion with S. All the assumptions are
therefore satised.
The variety Wl admits a minimal resolution (Σ, φ), see [22℄ Setion IV-4-3, and it is well-
known that this resolution is sympleti, see Example 2.2 in [9℄.
Let us say a few words on this resolution.
Expliitly, (Σ, φ) is onstruted with a help of l − 1 suessive blowup, as follows. The
blowup of Wl at 0 is the projetive variety of P
3(C) given, in the three anonial harts,
by the equations
x = zlyl−2, y = zlxl−2, ψl−2(x, y, z) = 0
with the usual gluing relations. It is easy to hek that the inverse image of 0 onsists of
two opies of P 1(C) that interset transversally at a point if l 6= 2, and onsists of one
opy of P 1(C) if l = 2. Also, the two rst omponents of the blowup W˜ are nonsingular,
while the last one is isomorphi to Wl−2, to whih the proedure an be applied reursively
until the nonsingul ar varieties W0 or W1 appear. Applying suessive blowup therefore,
one gets a resolution (Σ, φ) of Wl and a losed look at the onstrution amounts to the
following properties.
Lemma 6.13. 1. (Σ, φ) is the minimal resolution.
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2. (Σ, φ) is a proper sympleti resolution whih is ompatible with the Lagrangian ross-
ing Lk for all k = 1, . . . , l−1. Let L˜k be the submanifold of Σ to whih the restrition
of L˜k is a biholomorphism onto Lk.
3. The inverse image of 0 onsists of l−1 projetive urves C1, · · · , Cl−1, all isomorphi
to P
1(C).
4. For all k = 1, · · · , l − 1, L˜k intersets Ck transversally at exatly one point, and
L˜k ∩ Ci = ∅ for k 6= i.
5. For all k = 1, · · · , l− 2, Ck intersets Ck+1 at exatly one point pk, and Cj ∩Ci = ∅
for |j − i| ≥ 2.
6. The kernel of the dierential of φ at a point y ∈ Ck distint from pk or pk−1 is equal
to TyCk.
7. The dierential of φ vanishes at the points p1, . . . , pl−2.
Let Γ ⇒ M be the soure-simply onneted sympleti Lie groupoid that integrates
(M,πM ). All the assumptions of Theorem 5.5 are satised, so that there exists, for all
k = 1, . . . , l− 1, a losed sub-Lie groupoid Rk ⇒ Lk of Γ⇒M that integrates TL
⊥
k → Lk
and ontains ΓLk∩SLk∩S , and there exists an open subset Uk of Σ isomorphi to the symple-
ti resolution assoiated to Rk ⇒ Lk as in Theorem 4.6 (3). The following Proposition
desribes in a very expliit way this open subset:
Proposition 6.14. For all k = 1, · · · , l − 1, we have
Uk = Σ− ∪i 6=kCi
Proof. We assume k 6= 1 and k 6= l − 1 for simpliity. The ases k = 1 and k = l − 1 an
be dealt in the same way. Let Ok ∈ L˜k be the inverse image of O through the restrition
of φ to a biholomorphism from L˜k onto Lk. Notie that Ok belongs to Ck, aording to
Lemma 6.13(4).
By onstrution, Uk is equal to
Γ · (L˜k\{Ok}) ∪ Γ · {Ok},
where Γ · {L˜k\Ok} (resp. Γ · {Ok}) stands for the Γ-orbit of L˜k\{Ok} (resp. Ok) with
respet to the ation of Γ⇒M on Σ dened in Proposition 5.6. Proposition 5.6 gives the
identity Γ · (L˜k\{Ok}) = φ
−1(S), sine the inlusion L˜k\{Ok} ⊂ φ
−1(S) holds by Lemma
6.13(4). We therefore have
Uk = φ
−1(S) ∪ Γ · {Ok}.
Now, Proposition 5.6, together with Equation (20) give that a point y ∈ φ−1(O) belongs
to Uk if and only if there exists a path a(t) in T
∗
OM together with a smooth path σ(t) in
Σ (with t ∈ [0, 1]) suh that, rst, σ(1) = x and σ(0) = Ok, and seond:
dσ(t)
dt
= (π#Σ )|σ(t)
(
a(t) ◦ dσ(t)φ
)
. (32)
Assume that y ∈ ∪i 6=kCi, then σ(t) has to go through one at least of the points pk−1 or pk
for some t = t0. But then, there an not exist a smooth path a(t) that satises (32) sine
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the right hand side of (32) would vanish at t = t0 by Lemma 6.13(7), so that σ(t) would
have to be a onstant path. Hene, y has to be a point in Ck.
For all y ∈ Ck, there exists a smooth path σ(t), taking values in Ck\{pk, pk+1}, suh
that σ(0) = Ok, σ(1) = y. Sine the image of the dual map of dσ(t)φ has rank 1 for all
t by Lemma 6.13(6), it ontains the ovetor ωσ(
dσ(t)
dt , ·). There exists therefore a path
a(t) ∈ T ∗OM whih satises Eq. (32), and x ∈ Γ ·Ok. this ompletes the proof.
Remark 6.15. Wl is a partiular type of Kleinian singularity. It is natural to ask whether
these onstrutions ould be done for other Kleinian singularities, those of type Dl, l ≥ 4,
or E6, E7, E8. The answer is negative in general, due to the lak of Lagrangian rossing in
these ases.
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